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Abstract

Let X be a smooth quasi-projective algebraic surface and let A, the big diagonal in the product
variety X™. We study cohomological properties of the ideal sheaves Zin and their invariants (IZH)G"
by the symmetric group, seen as ideal sheaves over the symmetric variety S™X. In particular we
obtain resolutions of the sheaves of invariants (Za, )™ for n = 3,4 in terms of invariants of sheaves
over X" whose cohomology is easy to calculate. Moreover, we relate, via the Bridgeland-King-Reid
equivalence, powers of determinant line bundles over the Hilbert scheme to powers of ideals of the big
diagonal A,,. We deduce applications to the cohomology of double powers of determinant line bundles
over the Hilbert scheme with 3 and 4 points and we give universal formulas for their Euler-Poincaré
characteristic. Finally, we obtain upper bounds for the regularity of the sheaves IZ,,L over X" with
respect to very ample line bundles of the form L X ---X L and of their sheaves of invariants (IZW)G’"
on the symmetric variety S™ X with respect to very ample line bundles of the form Dy,.

Introduction

Let X be a smooth quasi-projective algebraic surface and consider the product variety X", for n > 2.
The big diagonal A,, is the closed subscheme of X™ defined as the scheme-theoretic union of all pairwise
diagonals Ay, where I is a cardinality 2 subset of {1,...,n}. The aim of this article is the study of of the
ideal sheaf Za, of the big diagonal A,, of the product variety X™ and its invariants (Za,)®", seen as an
ideal sheaf over the symmetric variety S™X.

The main reason for studying diagonal ideals is that their geometry is tightly intertwined with the
geometry of the Hilbert scheme of points X" and that of the isospectral Hilbert scheme B™. As an
example of this close interplay, we mention that in [Scal5b] we related the singularities of the isospectral
Hilbert scheme in terms of the singularities of the pair (X™,Za ) and it is by studying the latter that we
could prove that the singularities of B™ are canonical if n < 5, log-canonical if n < 7 and not log-canonical
ifn>09.

In this work we are concerned with cohomological properties of the ideal sheaf Za,, and its invariants
(Za,)S». A first motivation comes from the study of symmetric powers SkLI of tautological bundles
over the Hilbert scheme of points. Let p: X[ —— $"X be the Hilbert-Chow morphism. In [Scal5a] we
built a natural filtration W, S* L™ of the push-forward j,S* L") indexed by partitions A of k of length
at most n, whose graded sheaves, at least for k£ low — but we believe it is a general fact —, are given,
up to tensorization by some line bundles, by invariants of diagonal ideals by certain subgroups of &,: we
indicate them with £*(—2AA). The sheaves £*(—2\A) are in general more complicated than the invariants
(Za, )" of the big diagonal; however, for A = 1* (in exponential notation), the sheaf £*(—2)A) is directly
related to the sheaf of invariants (Za,)®", as we shall see. Therefore, understanding the invariants (Za, )®»
is instrumental for the investigation of symmetric powers of tautological bundles.

There is, moreover, another and more direct source of interest for the cohomological study of diagonal
ideals. We recall that the Bridgeland-King-Reid transform

®:Rp.oq": D"(XI") — Dg (X),

where p : B" —— X™ is the blow-up along the diagonal A, and where ¢ : B" —— X[ is the (flat)
quotient map by the symmetric group &,,, is an equivalence of derived categories between the derived



category of coherent sheaves over the Hilbert scheme X[ and the &,-equivariant derived category of the
product variety X". Since the ideal Za , or its powers Ign, are G,-equivariant sheaves over X", they
need to correspond, under the BKR-equivalence, to some remarkable object over the Hilbert scheme of
points: indeed, it turns out that they are related, up to tensorization by the alternating representation &,
of the symmetric group, to powers of determinant line bundles on X [™. Considering slightly more general
&,,-equivariant objects on X™ we proved the following

Theorem Let F be a vector bundle of rank r and A be a line bundle over the smooth quasi-projective
surface X. Consider, over the Hilbert scheme of points XM, the rank nr tautological bundle FI"! associated
to F' and the natural line bundle D4 associated to A. Then, in DI’GH(X”) we have:

®((det FI"Y®F @ Dy) =1 T @ (((det F)®* @ A) K-+ K ((det F)®* @ A))) @ erk . (%)

n

Taking &,,-invariants, the previous theorem yields
Ry ((det FIM)** @ Dy) ~ 1 (TR, @ 1) @ Doy p @ Da - (%)

Therefore, by means of the BKR-equivalence ®, or of the derived push forward Ru, of the Hilbert-
Chow morphism, one might use facts about diagonal ideals and their invariants to deduce properties of
determinants line bundles over Hilbert schemes; on the other hand, one can use known results about

determinants on Hilbert schemes of points to enlighten properties of the ideal Za , its powers and their

invariants. This is precisely what happens, as we explain below.
In order to obtain resolutions of invariants (Za, )" in terms of simpler sheaves, at least from the point

of view of cohomology computations, we consider, for cardinality 2 subsets I C {1,...,n}, complexes
K7:O0xn —> Oa, — 0

which we take as right resolutions of the ideals Zo,. Being the ideal Zn, the intersection of the ideals
TA,, the former is isomorphic to the zero-cohomology sheaf H°(®;K$), where I runs among cardinality 2
subsets of {1,...n}. However, the complex ®;K?$ is far from being exact, because the partial diagonals are
not transverse: we are then led to consider the derived tensor product ®@¥K% of the complexes K$ and its
associated spectral sequence

EPT .= @ Tor_(K3,...,Kf") (*)

i1+ Him=p

abutting to the sheaf cohomology HP*4(®FK$). Here m = (g) and {I,...,I,} are all cardinality 2
subsets of {1,...,n}. It is now clear that the ideal Za, of the big diagonal is given by the term E3° of
the spectral sequence above. In order to deal with the latter we now face two difficulties. The first is the
understanding of the multitors appearing in (E[), which are of the form Tor_,(Oa; ;. .., OAIz)’ for some
cardinality 2 multi-indexes I1, ..., I;, | < m. The second is the handling of combinatorial possibilities given
by the multi-indexes I,...,1;. As for the first, we establish in section the following general formula
for multitors of structural sheaves of smooth subvarieties Y7,...,Y; of a smooth variety M intersecting in

a smooth variety Z =Y N---NY;
Tor;(Oy,, ..., 0y) ~ N (@i Ny,| ,/Nz)*

in terms of normal bundles Ny, and Nz of Y; and Z in M, respectively. For the second, we think of
the multi-indexes I; as edges of a subgraph I' of the complete graph K, with n vertices, such that no
vertex of I is isolated. Classifying all possible multitors appearing in (ED — up to isomorphisms — is then
reduced to classifying all possible graphs I' of this kind. The usefulness of the graph-theoretic approach
extends further since several interesting properties of the multitor Tory(Oa,, ;.. .,Oa I ) can be understood
in graph-theoretic terms. A fundamental fact is that if I,..., [; identify a graph I' with ¢ independent
cycles, then the associated multitor Tory(A,I') := Torg(Oa,,, ..., Oa,,) is isomorphic to the exterior power
A1(Q5F), where Qr is a rank 2c¢ vector bundle over the intersection Ar = Ay, N---NAy,. Resorting to the
associated graphs is very helpful also when considering the &,,-action on the naturally equivariant spectral



sequence ET"?. The &,-action on E}"? induces a Stabg, (I')-action on the multitor Tor,(A,T") ~ AY(QF);
the group Stabg, (I') acts fiberwise on the vector bundle Qr via the representation C? ® gr, where qr is
the vector space generated over C by independent cycles. These facts allow us to classify, for n = 3,4 all
isomorphism classes of multitors appearing in (E[) and thoroughly study the spectral sequence of invariants
(EY?)®n. As a consequence, we deduce the following right resolutions of (Za,)®" for n = 3,4. Denote
with wy, the map X x S""*X —— S"X sending (x,%) to kx 4+ y. Then we have

Theorems We have the following resolutions of ideals of invariants (Za,)®?* and IS: over
the symmetric variety S°X and S*X, respectively.

r D
0—- (IAs)G3 — Ogax — W2, (Oxxx) —> w3.(Qx) — 0

S T D C
0— (IA4) Q— OS4X I w2*(OX |Z|OSQX)O —_— wg*(Q}X ‘XIAz)O _— ’LU4*(SSQA1X) — 0

The maps r, D, C are explicit. Here we indicated with wa, (Ox K Og2x)o and ws, (Q% K Za,)o particular
subsheaves of ws, (Ox M Og2x) and w3, (2% X Za,) which will be made precise in subsection The
terms appearing in the resolutions do not present any difficulty from the point of view of cohomology
computations. Therefore, by theorems and by formula we deduce, for n = 3,4, a spectral
sequence EV'? abutting to the cohomology H”Jrq(X[”], (det L["])®2 ® D4) and wniversal formulas for the
Euler-Poincaré characteristic x(X™, (det LIM)®2 @ Dy) of twisted double powers of determinant line bun-
dles over Hilbert schemes of points . These facts have a direct application to the sheaves £(—2AA), when
A= (r,...,7), |\| = rl, since the sheaf £}(—2AA) is isomorphic to

LA(—20A) ~ v, (Z3)S @ D" K Ogn-1x) |

where v is the finite map v; : S'X x 8" 7' X —— S"X sending (z,y) — x +y. We also obtain a right
resolution of the sheaf £21:1(—2A) over S™ X, which is more difficult to treat, since it is not directly related
to determinant line bundles over Hilbert schemes.

Finally, as anticipated, we can use properties of determinant line bundles over Hilbert scheme to deduce
important facts about diagonal ideals and their invariants. We use formulas and and the positivity
properties of det L") when L is n-very ample to study vanishing theorems and regularity for the ideal
sheaves TX over X" and their invariants (ZX )" over 5" X. In particular, we proved the following result.

Theorem Let X be a smooth projective surface and L be a line bundle over X. Suppose that, for a
certain m € N*, L™ @ Ky' = ®?[:(’1€+1)/2}

ample. Then we have the vanishing

B;, with By n-very ample and the other B;, i # 1, (n — 1)-very

H'(S"X,(ZX, )" @ D) =0 fori > 0.

If, moreover, L is very ample over X, then the ideal (Ign)en is (m + 2n)-regular with respect to Dy,. In
particular the regularity reg((IZn)G”) of the ideal (IZTL)G" with respect to the line bundle Dy, is bounded
above by

reg(Z4,)5%) < mo + 2n

where my is the minimum of all m satisfying the condition above.

We proved a similar statement (theorem about vanishing and reqularity for Iﬁn with respect to the
line bundle LK --- XL on X™ for 2 <n < 7. These results can be written in a nicer way when the surface
X has Picard number one. Indeed, suppose that Pic(X) = ZB and let r be the minimum positive power
of B such that B" is very ample and write Kx = B", for some integer w. Then the regularities reg(IZn)
and reg((Ign)G"), with respect to the line bundle B" X --- X B™ on X™ and Dp- on S™X, respectively,
are bounded above by

reg(Izn) <(k+3)n—k+ [w/r] for2<n<7
reg((ZX )°") < 2n([(k+1)/2] +1) = 2[(k +1)/2] + 1 + [w/r] for all n € N, n > 2.



Conventions. i). We work over the field of complex numbers. By point we will always mean closed point.
ii). Let A a C-algebra and M an A-module. For n € N\ {0}, consider the symmetric power S™M of the
module M. We consider S"M as the space of &,-invariants of M®" for the action of &, permutating
the factors in the tensor product. Throughout this article, we will use the following convention for the

symmetric product ;.- - .u, of elements u; € M:
Up. -+ Up = Z U (1) ®"'®U0(n) )
ceES,

where the right hand side is seen in M®". We use an analogous convention for the exterior product:
U A Aty =) e (—1)7Ug(1) @ @ Ug(n), Where (—1)7 is the signature of the of permutation o and
where we see A" M as the space of anti-invariants for the action of &,, over M®™,

1 The Bridgeland-King-Reid transform of diagonal ideals

Consider a smooth quasi-projective algebraic surface X. Denote with X[ the Hilbert scheme of n points

over X and with B™ the isospectral Hilbert scheme [Hai99, [Hai0T], that is, the blow-up of X™ along the
big diagonal A,,. We indicate with p : B® — X" the blow-up map, with ¢ : B —— X" the quotient
projection by the symmetric group &,, and with g : X[ — S§"X the Hilbert-Chow morphism. The
Bridgeland-King-Reid equivalence [BKROT, [Hai01l [Hai02], in the case of the action of the symmetric group
&, over the product variety X", provides an equivalence of derived categories

® :=Rp, oq* : D’(XI") — D& (X" (1.1)

from the derived category of coherent sheaves over the Hilbert scheme of n points over X and the &,,-
equivariant derived category of the product variety X™. Any power ZX of the ideal Za, is naturally a
G,,-equivariant coherent sheaf over X™: it is then natural to ask what is the corresponding complex of
coherent sheaves over the Hilbert schemes of points for the equivalence . In general we can twist the
ideal ZX' with the line bundle LX---X L (n-factors) and ask the same question for T’ @ LX---X L. To
give a general statement, we need to introduce the line bundle Dy,.

Remark 1.1. If L is a line bundle on X, the line bundle L X - -- X L (n-factors) on X™ descends to a line
bundle Dy, on S™X, in the sense that 7*Dy = LX --- K L [DN89, Thm 2.3]. As a consequence, the line
bundle Dy, coincides with the sheaf of &, -invariants, on S™X, of the line bundle L X ---X L. Pulling-back
the line bundle Dy, via the Hilbert-Chow morphism g : X[") — §"X we get a line bundle x*Dy, on the
Hilbert scheme, called the natural line bundle on X[™ associated to the line bundle L on X. For brevity’s
sake, we will denote it again with Dy, .

We need as well a technical lemma about the local cohomology of ideal sheaves T} , s € N* with respect
to the closed subscheme W given by the intersection of double diagonals in X™. More precisely, we define
W as the scheme-theoretic intersection of pairwise diagonals

W= N ArnA;.
|I|=|J]|=2
LIC{1,een} I#T
It is a closed subscheme of X™ of codimension 4.

Notation 1.2. We denote with X7, the open subset X™ \ W and with B?,, ST, X, XLZ] the open subsets

BY = p~H{(XM), S X = n(X"), x = p~ (8™ X). We denote moreover, with j : X, — X" the

open immersion of X, into X™. We also denote with j the open immersion of each of the open sets B},

k)

SrX, X,[ﬁ] into their closure B, S"X, X" respectively; it will be clear from the context over which
variety we are working.

Remark 1.3. The following is an important result about powers of the ideal sheaf of the diagonal A, in
X™, and it has been proven by Haiman in [Hai0ll Corollary 3.8.3]. Over X", for all s € N one has:

ﬂ IZI = ( ﬂ IAI) :Izn (1.2)

IC{1,...;n} IC{1,...;n}
|1]=2 =



The local cohomology property of the ideal sheaves we want to prove is the following.

Lemma 1.4. Let £:{(i,j) |4, €N, 1 <i<j<n} — N be a function. Then
. o ti
JxJ ﬂ Iﬁfz‘zjj) - n IA(’;‘Z.?]) ’
1<i<j<n 1<i<j<n

Proof. We begin by proving recursively that, for any s € N and for any fixed natural numbers 4,5, 1 <i <
7 < n, we have
Hiy(ZX,,) =0 forall0<1<2. (1.3)

Indeed it is true for s = 0, since ngz S Oxn, X™ is normal, and W is of codimension 4 in X™. Consider
now s € N. The local cohomology long exact sequence applied to the short exact sequence

0 —= X} — Ta, — Ta,/Ix) —= 0
yields:
0 — My (ZX)) — HW(TX,,) — Hw (T4, /T3) —
— My (T)) — Hip(ZA,,) —> Hip (T4, /TA) —
— Hy (TA) — HH(T4,,) - (14)

Note that H, (ZA,, /Izrjl) = 0for I = 0,1 because the sheaf 71 /IZJ;,l is a vector bundle over the smooth
subvariety A;;, in which W is of codimension 2 and because of [Sca09, Lemma 3.1.9]. Now, if H%,V(IZU) =0
for I = 0,1, 2, the local cohomology long exact sequence above yields the vanishing for ISAJ:J,I and [ =0,1,2.
Induction on s then yields for any s € N.

Since H@V(IZU) =0forl=0,1,2 and for any s € N, an analogous argument via the long exact sequence

in local cohomology applied to the short exact sequence
S S
0 —IX, — Ox» — OX"/IAU —0
proves that Hy (Oxn /IZU) =0 for I = 0,1 and for any s; this last fact is equivalent to the isomorphism
J*]*OXTI /IZ” ~ OXn /IZ” .

The above isomorphism, together with the following commutative diagram

£(2,5 0(%,5
S ) T Op—— @ O
1<i<j<n 1<i<j<n

~ ~

00— J.J ﬂ IA(ZJJ) — JiJ Oxn — @ JxJ OXH/IA(ZJ.])
1<i<j<n 1<i<j<n

where the second and third vertical arrows are isomorphisms, because we proved so above, yields the
statement of the lemma. O

Lemma 1.5. Let k € N*. We have the isomorphism of sheaves of invariants over S™ X :
2k—1\Sn _, (72k \Sn
(Z2,) 7" = ()
Proof. The statement follows using (|1.2)), taking &,,-invariant in the exact sequence
2k—1 2k—1
0 —> I — Oxr — @iq; Oxn /I

and noting that 71'*( @1<] OX”/Iik;—l)Gn ~ T, (OX"L/Iiklgl)Staben({l’z}) ~ T, (OX"/Ii]i2)Stab6n({1,2}) ~

T Dicj OXn/IZk;]_)Gn, since 7, (IZ":;)G({M}) ~ T, (Iikl,z)G({l,Q})' O



Remark 1.6. Indicate now with F the exceptional divisor (or the boundary) of X ["]: it is the exceptional
divisor for the Hilbert-Chow morphism and the branching divisor for the map ¢ : B — X[ It is well
known [Leh99] Lemma 3.7] that

Oxin (—E) ~ (det OF1)®2 |
As a consequence there exists a divisor e on the Hilbert scheme X" such that E = 2e, and such that
Oxm(—e) = det Og?]. It is also well known that det L™ ~ Dy @ det (’)[)?], which can be rewritten, with the

notations just explained, as
det LM ~ Dy (—e) . (1.5)

Denote now with E'g the exceptional divisor over the isospectral Hilbert scheme, that is, the exceptional
divisor for the blow-up map p: B® — X". We have Opn(—FEp) ~ ¢*Oxm (—e¢).

Denoting with ¢,, the alternating representation of &,,, we can now prove

Theorem 1.7. Let X be a smooth quasi-projective algebraic surface. Then

B (O (—le)) ~ B((det OFYP) ~ Th @&,
Ryt Oxin (—le) = Ry, (det OFN®) ~ 780 (Th @el) .

The proof of theorem is a consequence of the following more general result.

Theorem 1.8. Let F' be a vector bundle of rank r and A be a line bundle over the smooth quasi-projective
surface X. Consider, over the Hilbert scheme of points XM the rank nr tautological bundle FI"! associated
to F' and the natural line bundle D4 associated to A. Then, in D%H(X”) we have:

®((det FI"Y®F @ Dy) o T @ (((det F)®F @ A) K-+ K ((det F)®F @ A)) @ 7k .

n

Proof. Step 1. Case A trivial. Let’s prove the formula for A trivial first. It is sufficient to prove the formula
for k = 1; for arbitrary k it follows by applying the formula for k = 1 to the sheaf F’ = F®* . Note first
that the vanishing

Rip.(¢* det F"y =0 for all i > 0

is a consequence of the more general vanishing [Sca09, Thm. 2.3.1, Cor. 4.13], [Sca09, Prop. 21]:
Rip.(¢*S*FIM) =0 for all i >0

for any Schur functor S*FI™ of any tautological bundle F[™ associated to a vector bundle F on X. Hence
we just have to prove
peq* det FIM ~TN, @ (det FX---Mdet F) ® g7,

as &,-equivariant sheaves on X™. Consider the open set B, defined in notation[I.2} it is the complementary
of the closed subscheme p~!(W), which is of codimension 2 in B™. Recall that we indicate with j both the
open immersions j : B, —— B" and j : X[, —— X". The projection p|p» : B}, — X[, coincides
with the smooth blow up of the (now disjoint) pairwise diagonals A;; in X7,; we denote with E;; the

irreducible component of the exceptional divisor £g dominating A;;. Over B, we have the exact sequence
[Dan01] of &,-equivariant sheaves:

00— ¢FM —+ @, p'F, — Di<; p*Fi’Eij — 0.
Over B, the Weil divisors F;; are Cartier: hence, over B}, we get
¢ det FI" ~ det ¢* FI"l ~ (det(@,p* F})) @ det(@i<jp*Fi|Eij)71 .
Let’s compute first the second factor; for each sheaf p*F¢| By We have, over BZ,:
0 — p"Fi(—Eyj) — p"Fi — p*Fi|EU — 0.

Hence, over B,
det(p* Fi| ) ~ (detp"F;) ® (det p"Fy(—Eyj)) ™" =~ Opn (rEy;)



and
det(®i<jp*Fi|Eij) >~ Qi<y det(p*Fi|Eij) ~ ®i<jOB7L (’I"Eij) ~ Opgn (TEB) . (16)

As for the first factor, we have, just as coherent sheaves, without considering the &, -action:
det(®;p*F;) ~ p*(Q;det F;) ~ p*(det FX--- K det F) .

However, it is clear that a consecutive transposition 7; ;41 acts on the sheaf on the left hand side with the

sign (—1)", while it acts trivially on the right hand side: hence, to have an isomorphism as &,,-equivariant

T

sheaves we have to correct the previous formula by the representation €] ; that is, as &,,-sheaves:

det(®;p*F;) ~p*(det FX --- K det F) @ ], . (1.7)
From (1.7) and (1.6)) we get that, as &,-equivariant sheaves, over BZ,:
¢ det F" ~ p*(det FR --- K det F) ® Opn(—rEp) @ ", .

Since this is an isomorphism of vector bundles, since B™ is normal and since the complementary of B, in
B™ is a closed subscheme of codimension 2, the previous isomorphism extends to the whole variety B™ as
an isomorphism of &,-equivariant vector bundles. Therefore, by projection formula:

Rp.q* det FIl ~ (det FR - .- K det F) ® p,Opn(—rEp) @ €”, .

To finish the proof we just have to show that p.Op«(—rEp) ~ I} . Since Opn(—rEp) is a line bundle,
since B™ is normal and BY, is the complementary of a closed of codimension 2, we have Opn(—rEp) ~
Jxj*Opn(—rEp); hence

p-Opn(=rBp) = p.jej*Opn(=rEp) = j.(p| 5, )" Opn(—1Ep)
~ js(p| gp )+OB (—1EB)| 5, ~ s T, ~ I},

n
ok )

since, over X[, p is a smooth blow-up and thanks to lemma |1.4

Step 2. Arbitrary A. If A is non trivial we write:
®((det FI"Y®*F © Dy) ~ Rp.q*((det FI")®* @ D4) ~ Rp. (¢ (det FI")** @ ¢* D)
~ Rp. (q*(det FIh®k @ p (AR K A))
~ (Rp.q*(det F["])®k) ®RAK---XKA)

where in the third isomorphism we used that ¢*Dy ~ p*(AK---K A), and in the third we used projection
formula. Now the formula follows immediately from the previous case. O

Corollary 1.9. Let F' be a vector bundle of rank r and A a line bundle on the smooth quasi-projective
surface X. Then

Sy
Ry, ((det FI")™ @ Dy) = (T4 @eh) @ DGk, @Dy

2 Multitors of pairwise diagonals in X"

Let X be a smooth algebraic variety and let n € N, n > 2. In this section we will study multitors of the
form Tor?x "(Oay,s--+50a,,), where Ap; are pairwise diagonals in X™. This study will be useful in order
to prove the resolutions of &,,-invariants of diagonal ideals of subsections and

2.1 A general formula for multitors

In this section we will prove a general formula for multitors Torf]oM (Oy,,...,Oy,) of structural sheaves of
smooth subvarieties Y; of a smooth algebraic variety M.



Theorem 2.1. Let M be a smooth algebraic variety and Y7, ...,Y; be smooth subvarieties of M such that
the intersection Z : =Y, N ---NY; is smooth. Then:

TOI“C(IQM (Oyl IRERE) OYZ) = Aq(@éleYi

Z/NZ)* ) (21)
where Ny, and Nz denote the normal bundles of Y; and Z in M, respectively.

Proof. Let x be a point of Z, and U an affine open neighbourhood of z. Restricting U if necessary, we can
find generators fj,, ..., fjc]- of Ty, (U), such that ¢; = codimYj;. It is possible to find them since Y; is com-
plete intersection in U; we can moreover find ¢y, . . ., g. generators of Z(U), with ¢ = codim Z < Zj ¢ =d.
Denote simply with g the vector (g1,...,g.) € On(U)®¢, with f the vector (fi,..., fers--s firs--» flcl) €
O (U)®4 and with f; the vector (fj,,- - 7fjcj) € Op(U)%. Denote with E the vector bundle 0%, with
F; the bundle OF} and with F the bundle O4,. It is clear that, over U, g defines a section of E, f; defines
a section of F; and f a section of .. We can identify the conormal bundle N7 with the restriction £*
and Ny with F]?*|Yj.

Step 1. Since all the varieties Y; and Z are smooth, by the exactness of the conormal sequence, we can

Z

identify conormal bundles Ny. and N7 with differentials in Q}, vanishing over Y; and over Z, respectively.
Since both f;, and gy, are generators of Iz(U), there is a d X c-matrix B € Max.(On(U)) and a ¢ x d-matrix
B € M yq(Op(U)) such that g = Bf, f = Ag. This means that, taking differentials: dg = (dB)f + Bdf
and df = (dA)g + Adg. On points y € Z NU we have just: dg = Bdf, df = Adg and dg = BAdg. Now,
since Z, over U, is smooth and complete intersection of Z(g1),...,Z(g.), we have that [g;] are a basis of
I7(U)/17(U)?, that is dg; are a local frame for N over Z N U and df;, are a local frame for Ny . Hence
dg; are linearly indipendent in Q3 |Z(y) D Nj(y) for any y € ZNU. Now on Q}, |Z(y) we have the relation
dg = B(y)A(y)dg, meaning that the matrix B(y)A(y) takes linearly independent into linearly independent,
which implies that for any y € Z N U, the matrix B(y) is surjective and A(y) is injective. Hence, B(z)
and A(z) have to be surjective and injective, respectively, in a neighbourhood of x. Restricting U, we can
suppose that A and B are injective and surjective, respectively, in any point of U.

Step 2. Let E, F;, I, g, f, U built as in the previous step. The matrix A allows to define an injective
morphism of vector bundles over U:

0—EF - Fo - of 2% Q—0

whose cokernel we call Q. It is a locally free sheaf on U of rank d — ¢. Note that A takes the section g into
the section f, and hence defines an injective morphism of pairs A : (E,g) — (F, f). Since we are on an
affine open set, the sequence splits; hence we have a morphism pg : F —— F such that pg o A = idg; the
splitting yields an isomorphism: F' —— E & @, given by (pg,pg). Under this isomorphism the section f
of F is carried onto the section g & 0 of @, since (pg,pg)f =pef ®pof =peAg® poAg = g ® 0. Hence
we have an isomorphism of pairs (F, f) ~ (E® Q, g ® 0).

Step 3. The previous step yields an isomorphism of Koszul complexes: K*(F, f) ~ K*(E® Q,g®0) ~
K°*(E,g) ® K*(Q,0). Note that

Q|Z = (@ij/E)|Z = (@ij|Z)/E|Z = @jNlez/NZ :
Hence:
Tord™ (Oy,,...,0y,) ~ HY(K*(F,f) ~ HYK*(E® Q,g®0))
H™(K*(E,9) ® K*(Q,0))
P H(K*(E.g) © K*(Q.0)

—q=r-+s
~ H(K*(E,g)) ©® A1Q"
~ AqQ*|Z
~ AY(®f_ Ny,

1R

1

Z/NZ)* )

where in the fourth isomorphism we used the fact that K(E @ Q, g®0) is a tensor product of K(FE, g) with
K(Q,0), which is a complex of locally free sheaves with zero differentials.



Step 4. We obtained the wanted isomorphism locally. That these local isomorphisms glue to a global
one is an easy exercise and we leave it to the reader. O

Notation 2.2. Let kq,...,k; be positive integers. Let M be an algebraic variety and Fi, ..., F; coherent
sheaves over M. We denote with Tor];l""’k’ (F1,..., F) the multitor TorqoM (Fi,...,F1,...,F,...,F),
where, for all 7, the factor F; is repeated k; times.

The product of symmetric groups S, x --- x &y, obvioulsy acts on multitors of the form
Tor];1 kLR L FY), defined above. Details of this action are described in [Sca09, Appendix B]. Therefore
one can study them as &y, X --- X By,-representations. We have the following.

Proposition 2.3. Let M be a smooth algebraic variety and Y1, ...,Y; locally complete intersection subva-
rieties of M such that the intersection Z = Y1 N---NY] is locally complete intersection. Then for ki, ..., k
positive integers we have, as &y, X --- x &y, representations:

Tor](;l,...7kl (OYN ey Oyl) ~ @ Torgle (Oyl, ey Oyl) ® A2 (@é:lN;z‘/]W X pki) R
q1+492=¢q

where py, is the standard representation of the symmetric group Gy, .

Proof. We solve locally, on adequate open affine subsets U;, the structural sheaves Oy, with Koszul complex
K*(F;,s;), where F; is a vector bundle of rank codimy, Y; and s; is a section of F; transverse to the zero
section. Then, over U = Uy N --- N U, we have:

Torg' " (Oy,, ..., 0y) = H (&}, @i, K*(Fi,s)) = H™(®,_ K*(F; ® Ry, 0%, ®5,))

where Ry, ~ CFi is the natural representation of &y, with canonical basis e;, and oy, is its invariant
element, that is oy, = E:‘:l en € Ry,. Then, since K*(F; ® Ry,, 0k, ® s;) = K*(F; ® p,;,0) @ K*(F}, s;)
by [Scal5al, Remark B.5], we have:

Tor];l""’k’((’)yl, ey OYI) = H_q(®é:1K.(Fi, Sz) X ®§:1K.(Fi X pki,O))
=H 1@\ K*(F;,s) @ K*(®!_,F; ® p,,0))
= @ Torg(Ovi,...,0v) @ A®(&_ Ny, /x @ pr,)

q1+492=q

as x'_, &, -representations. Now the open sets of the form U cover the algebraic variety M. It is an easy
exercise to prove that the local isomorphism shown above glue to give a global isomorphism over M. [

Corollary 2.4. Let M be a smooth algebraic variety and Y1, ...,Y; smooth subvarieties of M such that the
intersection Z :=Y1N---NY] is smooth. Let ki,...,k; positive integers. Then we have, as Gy, X --- X &, -
representations

Tork! ¥ (Oy,,...,0y) ~ AY([(&'_; Ny,

Z)/NZ]* @@i:1N}*Q ® pkz) .

2.2 Multitors of pairwise diagonals

In this subsection we apply the previous general formula to the case of pairwise diagonals. We are concerned
with multitors of the form Tor(?x "(Oay,s---:0a,, ), where X is a smooth algebraic variety, and where I;
are subsets of {1,...,n} of cardinality 2 such that I; # I; if ¢ # j. It is therefore convenient to think of
the multi-indexes I; as edges of a simple graph. We refer to [Diel(] for basic concepts in graph theory.
More precisely, given ! distinct multi-indexes Iy, ..., I; of cardinality 2, we can build the simple graph T,
whose set of vertices Vr is defined as the set I; U --- U I; and whose edges are Er = {I3,...,;}. All the
vertices of the graph I' are non isolated, that is, they have degree greater or equal than 1. On the other
hand, given a simple graph I', such that its vertices Vi are a subset of {1,...,n} and are non isolated, its
edges are a set of [ distinct cardinality-2 multi-indexes {I1,...,[;} such that Vpr = I; U--- U I;. For such
a graph I', we denote with Ar the intersection of diagonals Ay, I € Er and with Tory(A,I") the multitor
Torflgx" (Ar,...,Ayp). The isomorphism class of this multitor does not depend on the order in which



the edges I; are taken; however, the order of the diagonals is important when dealing with permutation
of factors in a multitor: therefore, in the following section, we will always consider [-uples of cardinality
2-multi-indexes (I, ..., I;), ordered via the lexicographic order.

Remark 2.5. Let T' be a simple graph. Let v the number of vertices, [ the number of edges and k the number
of connected components. The number of independent cycles c of the graph I" is given by c =1 —v + k.

Remark 2.6. Let X be a smooth algebraic variety of dimension d. Let I' be a simple graph without isolated
vertices. The subvariety Ar of X", intersection of the distinct pairwise diagonals A, I € Er is smooth of
codimension d(v — k), where v = |Vp|. This fact, together the possibility of using formula , since all
varieties Ay, I € Er and Ar are smooth, allows us to translate properties of the graph I' into properties
of the multitor Tor,(A,T'). In particular, it is clear that

e the pairwise diagonals Ay, I € Er, intersect transversely in the subvariety Ar if and only if d(v—k) =
codimyn» Ar = > ;e codimxn Ay = dl, that is, if and only if c =1 — v + k = 0, that is, if and only
if the graph T' is acyclic; in this case Tory(A,T') = 0 for all ¢ > 0.

e the sheaf Qr := [ ®rep. Na, |A1":|/NAF is a vector bundle over Ar of rank de; hence Tory(A,I') =0
for ¢ > dc

For A C {1,...,n} denote with &(A) the symmetric group of the set A and with p4 its the standard
representation. Let &p := Stabg, (T") be the subgroup of &,, transforming the graph I" into itself. It is a
subgroup of &(Vr) x &(Vr). Indicate with é} the subgroup &(Vr) N &r of Gr.

Suppose now that I'y,..., Iy are the connected components of the graph T'; let now Sy,...,S; be the
partition of {1,...,k} induced by the equivalence relation defined by i ~ j if and only if I'; is isomorphic
to I';. Denote with SL the subgroup &(5;) x --- x &(S;) of & and with &y, = Stabe, (I;) N &(Vr,),
where &(Vr,) is naturally seen as a subgroup of &,,. Then there is a split exact sequence

1— & x---x6p, —» & —» 6L — 1. (2.2)

In other words, the subgroup &r of the stabilizer & is a semi-direct product (Spy X -+ % ér‘k) x &L; the
proof of this fact is analogous to [Scalbal, Lemma 2.12]. The full stabilizer Gt is isomorphic to

ergaxg(ﬁ)g((érlx--.xérk)xeg) x &(Vp) .

The multitor Torg(A,T") is naturally Gr-linearized. Consider the standard representation py;. of &(Vr).
It can naturally be seen as a &(Vr) x &(Vr)-representation, since the second factor acts trivially on Vi.
Denote as pr := Resg,. pv;. the restriction of py;. to Gr.

Notation 2.7. If " is a subgraph of K,, without isolated points and with k& connected components
I'i,..., T, we denote with ip : X¥ —— XVr1 x...x X"« the immersion defined by embedding each factor
X in the factor X'7: diagonally; for any connected component T'; we indicate with pr, : X" — X7
the projection onto the factors in Vr,; the morphism pr : X® —— X"M1 x ... x X"Tx is defined as
pr :=pr, X --- X pr,. Finally, If F is a sheaf over X* we indicate with Fy the sheaf over X" defined as
prir,F. If T has a single edge, say Er = {I}, we will denote, for brevity’s sake Fr with F7.

Notation 2.8. We will indicate with Wr and qr the representations of Gr defined by Wr := Sicp.pr
and by the exact sequence
0 —pr —Wp —>qr — 0,

respectively. It is clear that, if T'; are the connected components of the graph I, the vector space ©F_,qr,
is naturally a Gr-representation isomorphic to gr.

Notation 2.9. Let I" be a simple graph without isolated vertices, and let v be an oriented cycle in I'. If
I is an edge of v, I = {i,j}, i < j, then we define the sign n; ., to be +1 if the vertex j is the immediate
successor of ¢ in vy, and 77, = —1 otherwise.
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Remark 2.10. The representation qr is generated over C by independent cycles. More precisely, we can
consider gr as a subrepresentation of ©rcp,. Ry, where Ry ~ C!, with basis e;,i € I, is the natural &(I)-
representation. If I = {4, j}, i < j, let’s indicate with e; the vector e; — e;. If v is an oriented cycle in
I, then we can consider the vector e, := Zlew Nr~er in Wr = @regrpr € ®reprBr. Now 7q,...,7. are
independent cycles in I' if and only if e, ..., e, are independent in Wr and project to a basis in ¢gr. Hence
we can identify gr with the subspace Ce,, & --- @ Ce,, of Wr.

Remark 2.11. Consider the vector bundles BY_TX ® gr, and BF_; Q% ® qr, over X*. They are naturally
GSr-equivariant; indeed the Gr acts on the variety X* via the surjective composition G — é} — G
this action lifts to the tangent and cotangent bundle. On the other hand the action of &Gr over the
representations gr, is induced by its action on gr.

We have the following interpretation of a multitor of pairwise diagonals Tory(A,I') in terms of data
attached to the graph T'.

Proposition 2.12. As &r-sheaves, we have that Tor,(A,T) ~ AY(Br_, Q% @ gr,)r .

Proof. Consider first the case in which I' is connected. Then Ap ~ X x X VT Tt is then sufficient to prove
the proposition when n = v, since the case n > v can be then obtained by flat base change. The morphism
ir : X — X" is an isomorphism over the image Ar. Hence pulling back the exact sequence over Ar

0 — Nap, — ®Prere N1 — Qr — 0

|Ar

via ir, we obtain over X, by definition of pr and qr, a Gr-equivariant exact sequence
0 —TXQpr —TXQWr —> TX®®qr — 0.

Hence the vector bundle Qr = [@IGEF Na, ‘Ar] /Na,. over Ar is isomorphic to ir,(TX ®qr) = (TX ®qr)r
and we conclude by formula .

Consider now a general I'. ' We have that Ar ~ X k % XVI. it is then sufficient to consider the case
n = v for the same reasone as above. In this case ir : X¥ —— X™ is an isomorphism over the image Ar.
Consider the connected components I';, i = 1,..., k, of the graph I". We have Na . ~ @leNAFi
the partial diagonals Ar, intersect transversely. For each i = 1,..., k, we have sequences

|Ar’ since

— Qr, — 0.

0 — Nap, — @remr, Vi,

Hence over Ar we have an exact sequence
0 — Nap — @repy Ni|y, — @1 Qr, — 0
and hence pulling everything back to X* we get the exact sequence
0 — B, TX®pr, — B, TXQWr, — B TX®q, — 0.

Hence, as Gp-vector bundles over Ar, Qr ~ i, (B, TX ® qr,) ~ (BY_,TX ® gr,)r, and we conclude by

formula (2.1)). O

Notation 2.13. Let I'" a simple graph without isolated vertices, such that Vr C {1,...,n}. If J C
{1,...,n}, |J| =2, and J ¢ Er, we will indicate with T'U J the graph obtained by I adding the edge J,
that is, the graph defined by Vryy :=Vr U J, Epryy := Ep U{J}.

Proposition 2.14. Let X a smooth algebraic variety of dimension d. Let T be a simple graph without
isolated vertices such that Vi C {1,...,n} and with edges Er = {I,...,I;}. Let J C {1,...,n}, |J| = 2,
and J & Er. Identifying Torg(A,T') with Torq(Arp,,...,Ar,Oxn), the & N Sry -equivariant map

ir,rug - Torg(A,T') — Tor,(A,TUJ),
induced by the restriction Ox» — Ay, can be identified with

o the restriction A1(QF) — Aq(Qii)|AmJ if JZ Vp
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e the natural injection A?(QF) — AU (QF ), induced by the injection of vector bundles Qf — QF;
over Ar, if J C Vr.

Proof. Let x be a point in Ap. On a small affine open neighbourhood of x, we can find vector bundles F7,
I € Er, of rank d, such that A; are the zero locus of sections s; of F; transverse to the zero section. The
same is true for A ;. The structural sheaves Oa, can then be resolved with Koszul complexes K*®(Fy, sy).
Denote with Fr the vector bundle ®rc g Fr and with sr the section @;sy. Therefore

Tory (A, T) ~ H Y ®rep. K*(Fr,51)) ~ H 1(K*(Fr,sr)) ~ AY(Qr)
Tory(A,T'UJ) =~ H™Y(K*(Fruy, srug)) = A (Qryy) -

The morphism Tor,(A,T") — Tor,(A,T'UJ) of the statement is induced by the injection of vector bundles
ij: Ff = ®rep Ff —— ®rep,, Ff = Fii;; one then sees, as in the proof of theorem that the
injection ¢; induces the natural map:

Ql*“ = [GBIGEFNAI’AF/NAF}* - [(®IEEFNAI QBNAJ)‘AFUJ/NAFUJ}* = QltUJ :

Now if J € Vr, we just have that Naus ~ Na,. ® Na,, and hence Qp; ~ QHAFUJ and the previous map
is the restriction; on the other hand, if J C Vr, Qf,; is a vector bundle over Aryy; = Ar and the previous
map is the natural injection. This proves the statement. O

Proposition 2.15. Let K, the complete graph on v vertices and suppose that Vi, C {1,...,n}. Then, as

v =

Gk, -representations,
Tory (A K,) ~ AYQ @ A%p)k,

where p, denotes the standard representation of 6; ~G,.

Proof. 1t is sufficient to consider the case v = n, since the case v < n follows by flat base change. By
propositon it is sufficient to prove that the representation gy, is isomorphic to A%p,,. Since px, =~ py,
it is sufficient to prove that the representation Wy, = @ 71=2, rc{1,....n}PT = Pn @ A?p,. In order to achieve
this, it is sufficient to prove that the characters of the two representations are the same. Let i the n-uple
(i1, ..+, iyn), With Zj Jji; = n. Denote with Cj the conjugacy class in &,, of permutations having ; j-cycles.
By Frobenius formula [FH91], exercise 4.15], the character of p,, & A?p,, is valued, on Cj:

) 1. . ) i )
e+ x020)(G) =12 = 1+ 50 = )0 -2 =i = (3 ) ~ .

On the other hand, a basis of the representation Wy, is given by vectors ey, J C {1,...,n}, |J| =2. If
I = {i,j}, we have that (ij)e; = —e; and (ij)e;, = ejp if b ¢ I. Hence, any cycle 7; of length j > 3
will act with trace zero. The 1-cycles (j1) ... (j;,) act trivially on a (g)—dimensional space, and hence with
trace (2) Since the cycles are disjoint, the traces add up. Hence

11

i, (€)= () =12 = (4 1020, ()

2.3 The cases n = 3,4.

We analyse here in detail the representations gr with I' a non-acyclic subgraph of K,,, n = 3,4, with non
isolated vertices.

Non acyclic graphs. There is a unique non-acyclic subgraph of K3 without isolated vertices, the com-
plete graph Kj itself. On the other hand, up to isomorphism, the non-acyclic subgraphs of K4 without
isolated vertices are the following:

e for | = 3, the complete graph K3 with 3 vertices; its stabilizer is the group Gs;
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o for | = 4, the 4-cycle Cy and the graph K3 U J, obtained by K3 adding an edge J € Ek,; since Cy
has dihedral symmetry, G, is isomorphis to the dihedral group Dy; on the other hand, adding an
edge to the graph K3 reduces its symmetries to Gs.

o for | = 5 the graph C4 U L, obtained adding an edge L € E¢, to the 4-cycle Cy; its stabilizer is
Sc,us = 62 X Gy

e for [ = 6, the complete graph Kjy; its stabilizer is the full symmetric group &;,.

The non-acyclic subgraphs of K, without isolated vertices are represented in the figure below.

K3 KsulJ Cy CyUL Ky

Classification of representations ¢r. In order to classify the representations gr we need the following

lemma

Lemma 2.16. Let n =1 + s, with r,s € N\ {0}. Consider the symmetric groups &, s, &,, &5. Then,
as &, x S4-representations, pris ~ pr O ps B 1. As a consequence, if n = 22:1 ki, as G, X --- x B, -
representations, we have pi, ..+ x, =~ pr, © -+ D pr, © 1771 where 171 is the (r — 1)-dimensional trivial
representation.

Proof. The natural &,,-representation R,, splits as R, ~ R, ® R when seen as as 6, X G4-represenation.
The inclusion p,4s —— R, = R, ® Rs is 6, x Gs-equivariant. Then, as &, x G -representations
R,~R.®R;=(p,®1) @ (ps ®1) ~ p, ® ps ® 12. Hence the statement: p, s ~ p,. © ps © 1. O

Remark 2.17. The dihedral group Dy, generated by the reflection o and the rotation p, has 4 finite dimen-
sional irreducible representations: the trivial, the standard representation #, the determinantal det := det 6,
the linear ¢(1,,—1,), the linear ¢(—1,,—1,). A description and a character table for these representation
is given in [Ser77].

We already know, by proposition that g, ~ A?p3 ~ ¢ and that qx, ~ A?ps ~ ps ® e. As for the
remaining representations gr for I' a subgraph of K4 without isolated vertices we have the following.

e I' = K3 U J. Up to isomorphism we can think that Ex,,; = {{1,2},{1,3},{2,3},{3,4}}. Hence
Cr,us ~ 6({1,2}) and Wi,y = p12®p13PDp2s®psq. The character X Wi, 18 easily (4,0) according
to the conjugacy classes of 1, (12); but (4,0) = (1,—1) 4+ (1,—1) + (1,0) + (1,0) = 2x. + 2x1. Hence
Xaxgos = XWiyus — Xprgur = 2Xe +2X1 — XResg;l o1 2Xe +2x1 — X= — 2x1 = Xe by lemma
Hence qr,us ~ €.

e I' = Cy. Up to isomorphism, we can think thak Ec, = {{1,2},{1,4},{2,3},{3,4}}. We easily
have that the stabilizer &¢, is isomorphic to the dihedral group Dy, where the reflection ¢ and
the rotation p are identified with o = (24) and p = (1234), for example. Then xw,,, according to
conjugacy classes, 1,0, 0p, p, p?, is given by XWe, = (4,0,—2,0,0), and hence W¢, is isomorphic to
det ®¢(1,,—1,) ® 6. Computing characters we get that x,,, = (3,1,—1,—1,~1) and hence p¢, is
isomorphic to ¢(1,, —1,) @ 6 as Dy-representation. Hence gc, ~ det as D4-representation.

o' = CyUL. Up to isomorphism, suppose that the graph Cy U L has edges Fc,ur =
{{1,2},{1,4},{2,3},{3,4},{1,3}}, so that S¢,ur =~ &(1,3) x 6(2,4). Then, according to con-
jugacy classes 1,(13),(24),(13)(24), the character xw,, , is given by (5,—1,1,~1). By lemma
pCiuL Resg;‘xgz ps =~ (e® 1)@ (1®e) @1 and hence x,.,,, = (3,1,1,—1). Hence
Xgcyor = (2,—2,0,0), which yields gc,ur ~ (e ®1) ® (e ®€).
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Multitors as Gr-representations. For n = 3,4, all non-acyclic graph are connected, hence the cor-
responding Tor,(A,T) is isomorphic to A% ® ¢gr)r. In the following table we summarize the results
obtained in this section, in the case X is a surface, expliciting the representations in the vector bundle
A’I(Q}( ® qr). We indicate with V* the irreducible representation of &,, associated to the partition A of n.

'=K;|IT=K;UJ| T'=0C4 r=Cc,ul =K,
=10k ®e| Q% e |0k @det AoEal)a(e®e) Ok ®ps®e
q= Kx Kx Kx Kxe(1?e(1®e)e S0, o (1we) Ex®1®op V> @520 ®ps®e
q=3 0 0 0 EKx@Qk®[(c®l)®(c®e) SBAL DU KX ® (pa @ pa@e®V22)
qg=4 0 0 0 K% S RKx ®paQ@e® K% @ (16 ps b V)
q=5 0 0 0 0 WL oKiepee
q=6 0 0 0 0 K%

Table 1

where we used the formula for the exterior power of a tensor product

A @ pa@e) =P S % © 5V (o)
A

where the direct sum is taken on partitions A of ¢ such that A has at most 2 rows and at most 3 columns
[FH91l Exercise 6.11], and where we used the next lemma.

Lemma 2.18. We have the following isomorphisms of &4-representations:

S%py ~ SPVELL v 1@ py @ V22
A(pa®e) ~1
S*Hpa@e) = pa® (pa@e) V2
S2Ll(p,@e)~py@e
522 (py®@e) ~ §*%py ~ 1@ py V2
S22 pa@e) ~p1®e
S222(py@e) ~ 1

Proof. To compute S%py, we remark that xs2,, = X5, — Xa2p, = Xa, — Xpawe, Which is (6,2,0,0,2),
according to the conjugacy classes 1, (12), (123), (1234), (12)(34). Hence the isomorphism in the statement.

Moreover we have that S%1V2bL! is the kernel of the surjective homomorphism ps ® ps ~ A2V @
V2Ll A3VZLL ~ 1 (see [FHOTL page 76]). Hence it is easy to compute the character and deduce the
isomorphism S%!(ps ® &) ~ ps @ (ps @ €) © V?>? in the statement.

As for 522V %L1 we use the Schur polynomial S o(z1, T2, 23) = 2323+ 2iw3 + 2325+ 23w0ws + 2120573+
T12273 in order to compute explicitely the character x s2.2v,, , in terms of the eigenvalues of elements of
G, acting on V211 ~ p; ® ; we have that yg2.2y21.1 is again (6,2,0,0,2): hence S22VZL1 ~ §2p; ~
1@ py © V%2, The remaining isomorphism are routine verifications and are left to the reader. O

3 Invariants of diagonal ideals for low n.

Let X be a smooth algebraic variety. The ideal Za, of the big diagonal A,, is the intersection Za, =
Nrcq,...nhl11=2Za, of ideals of pairwise diagonals Ay, I C {1,...,n}, [I| = 2: it is then isomorphic to the
kernel of the natural morphism

Oxn — < Oa, . (3.1)

IC{1,....,n},|1|=2
Hence it is useful to consider, for each multi-index I of cardinality 2, a right resolution K} of the ideal
sheaf 7, :
Ky 0 — Oxn — Op, — 0,
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concentrated in degree 0 and 1: indeed, the first nontrivial map of the &,-equivariant complex ), K} is
indeed exactly (3.1} . here the order in which the tensor product is taken is always the lexicographic order
on the cardinality 2-multi-indexes. However, the complex ), K7 is not exact, and in order to to deal with
this problem, it is better to consider the derived tensor product of complexes

Indeed, let » = n(n + 1)/2 and consider the spectral sequence

EP = @ Tor_g(Kiy, -+ K, - (3.2)

ni,n
i1+ +ip=p

It abuts to the cohomology HP*4 (®f k%) and the term E3* is clearly isomorphic to the ideal Za,, .

Remark 3.1. Since Za, are sheaves and the complexes K7 are their resolutions, H”"’q(@% Ky) =
Tor_p ¢(Zayy, 5 ZA, ,,,) = 0 for p+ g > 0. Consequently, the abutment of the spectral sequence
is zero for p + g > 0.

We plan to get information on the sheaf of invariants Ifn (EO O)G" from the vanishing of the
abutment in positive degree and from studying the spectral sequence of invariants in detail.

3.1 The comprehensive &,-action on the spectral sequence E}7.

We will here briefly explain the action of the symmetric group &,, on the derived tensor product ®f Ky
or, equivalently, on the spectral sequence EY'?. This is analogous to what done in [Sca09] for the de-
rived tensor power of a complex of sheaves C®*. The point here is that, when considering the multitors
Tor_q(/CZﬁQ, ce Kl
remark we will recall what we explained in detail in [Sca09, Section 4.1] and [Sca09, Appendix B].

. n)s the terms K" are not just sheaves, but terms of a complex K%. In the following

Remark 3.2. Let C7, C5 complexes of sheaves over a variety M. If we have a tensor product of complexes
of sheaves C} ® C3 the permutation of factors 72 : C} ® C3 —— C3 ® C} is a morphism of complexes if
and only if 715 acts on the term of degree h, that is the term (C} ® C$)" := ®i1;=nCi ® C}, exchanging the
terms Ci ®C§ — Cg ®Ct and twisting by the sign (—1)¥. The same argument can be applied to a tensor
product of complexes C} ® --- ® Cyr. Indeed, in order to understand how a general permutation of factors
operate on a tensor product of complexes, it is sufficient to understand how a consecutive transposition
acts, and this is completely analogous to the case r = 2.

If now we want to understand the effect of permutating factors in a derived tensor product C3@%- - -@LC®,
we have to resolve each of the complexes C7 with a complex of locally free R} (at least locally), and apply
the previous reasoning to R} ® --- ® Ry. To be more explicit, at the level of spectral sequences, consider a
consecutive transposition 7; ;41 € &, and consider the spectral sequences

P4 __ i +1 -
EP? =@y 4 i —pTor_o(CT, ... € CJ7+1 N
1059 hjt1 ;i o
E 1 = @h1+...+hT:pT0r_q(cl ,...,CJ+1 y jJ,.. C )

abutting to HPT9(C} @ - @ Cy @F Cy,, @F - @FCr) and HPTI(CY @F - @F Co, @F Cr @F -0l Cy).
The consecutive transposition 7; ;41 induces an isomorphism Ef*? —— E'P"? and hence 1som0rphisms

— % T4l Ty i 141 i ir
71 Tor_,(Ci, ... GG Cr) —— Tor_y(Cys .., C L, CF L Cr)

Now, considering the Cli ' just sheaves, and not as terms of a complex C, one has the standard permutation
of factors in a multitor

- i +1 . P +1 ot T
i1 : Tor_,(C1, .. SCf, CJ7+1 ., Cr) — Tor_,(CT, ..., J7+1,C” NG

We proved in [Sca09, section 4.1] that the two isomorphisms 77;;/1 and 7; ;11 are related by the sign

Trae1 = (~1)V5 T 5 (3-3)
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Remark 3.3. When we say that the complex KY , @k .. @ K3 -1 is Gp-equivariant, what we mean is
that &,, acts up to permutation of factors. More precisely, we can interpret the &,,-action in the following
way. For brevity’s sake, denote with m = n(n + 1)/2 and set Fx, := {J1,...,Jn} in lexicographic order.
Consider the monomorphism 6 : &,, = &(Ek, ) induced by the natural action of &,, on Fk  : if 0 € &,,,
we will briefly indicate with & its image in §(EFk,, ). Denote with Ag, the subgroup of &,, x &(Ek, )°P given
by the set of couples (¢, 57 1), such that o € &,,. The complex K, L. el K$, . is now Ag, -equivariant;

any element (0,67 1) € Ag, acts via a composition

A 1

o * [ ] [ ] )\5_ * [ ] [ ]
5 @ @P KRS S ot (K, @F - T K ,) T ot (K5, @8- P K )

where A, is the geometric action and is induced by isomorphisms

5 @l Ky — " Ko ) ®F ... @t d* o) =0 (K5 o ... eF Ksi) s

while A\z—1 is the permutation of factors induced by &7 !: it operates the same way as the permuta-

tions described in remark At the level of the spectral sequence (3.2) and in the identification of
Tor_, (K% ,..., K" ) with Tor_,(A,T') for some subgraph I' of K, without isolated vertices, the action of
an element (o, 5) is expressed through compositions of isomorphisms

Tor_,(A,T) 2o, o*Tor_q4(A,o(T)) sy o*Tor_4(A,o(I"))

where A, is described by the geometric action seen throughout subsection [2:2] and where \;-1 is the
derived permutative action described in remark in other words, after formula[3.3] A\5-: operates with
the sign eg, ;. (671 = B, (0), where & is naturally seen in &(Ey(r)) and where €g, ., is the alternating
representation of &(E,r)). In particular, if o € &, for the comprehensive &r action, we have the
isomorphism of Gr-representations:

TOT,q(A7 F) ~ Aq(BE\leQ& (9 qu)Fi X RQSGF EEr -

From now on, we wil omit talking about the group Ag, and, for brevity’s sake, when considering the &,,-
action on the derived tensor product Kt , @% .- @* K31 5, we will always tacitly intend the Ag,,-action
explained here above.

Remark 3.4. Denote with G; ,, the set of subgraphs of the complete graph K, without isolated vertices
and with [ edges. We can form &,-equivariant complexes of Oxn»-modules (I';,0°) on X" by setting
I = Oxn, TP := @peg, , A(Q}) and where the differential O : I'? —— I'P*! is defined, over the
component AY(Q5), I € Gpi1,n, as the alternating sum:

8”(x)r, = Z Enp/ir,p/(l‘)

regpn

rcr
over the subgraphs of I with p-edges of the inclusions ir /. The sign er v is defined as (—1)%~!, where a
is the position in IV — according to the lexicographic order — of the only edge in IV which is not in I'. It is
now immediate, using proposition m to show that the complexes I'; are &,-equivariant and isomorphic
to E7?. The complexes I ; are not exact in general, as we will see in the sequel; however, they seem to
arise in a pretty natural way as combinatorial objects, without the need to be linked to multitors; they
might have an interest on their own. On the other hand it seems difficult to describe a general pattern for
their cohomology.

Notation 3.5. In what follows, if H C {1,...,n} is a cardinality 3 multi-index, we will indicate with
K3(H) the complete graph with vertices in H, which is a 3-cycle. Sometimes, for brevity’s sake, and when
there is no risk of confusion, we will indicate this 3-cycle directly with H, instead of K3(H).

Notation 3.6. For each r € N, we will write the sheaf (% K Oyn-3) @I} __ over the variety X x X"~3
just with Q% RT3 . or with Q% (—rA, ;). We will also indicate with Q% & Oa,_, the sheaf (2 X
OXnﬂ%) X OAn—Z'
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Lemma 3.7. The kernel of the first differential dy : Ell’0 — Ef’o of the spectral sequence EY"? is given by
kerdq ~ (@\1‘:2 OAI)O = {(f[)[ S @MZQOAI | (fs — fK)|AJﬁAK =0, VJ K, J# K} .

The term Ey ™" is given by: Ey ™' ~ D123 Qs () © Nigj=2,5zm Iny = @‘H|:3(Q§( RTA, o) Ks(H)-
Proof. The first statement is a consequence of the fact that the map 0' : I} — I'§ in remark [3.4]is given
by

@ (fr))r = (esrfs +err i) a, nan = €00 (Fr = )| A nak -
where I' is the graph with two edges J and K.

The second statement follows in a similar way, considering that Ef o S~ EBI H|=3 Q*Kq (H) and that
the differential 8% : I'? —— I'} is induced by restrictions

(@) m) Ky (ryus = EKs(L),Ks(L)uJUCL’AmAJ ,

where H and L are cardinality 3 multi-indexes and J is a cardinality 2 multi-index. Hence (xg)g €

¥ 3,1 - . . . .
®|H\:3 QKg(H) belongs to E5'" if and only each restriction xH’AHmAJ is zero. But this mea.unsf exactly .1t
belongs to EB|H|=3 Q?@(H) ® Nyjj=2,7¢aZA,- Note that each sheaf Q}‘(s(H) ® Nyyj=2,7¢HZLA, is isomorphic
to (Q}X IEIAn—2)K3(H)' O

Remark 3.8. By Danila’s lemma, we have the isomorphism of sheaves of invariants over S™X

(B = P m(Tor (AD) = P (A

[T1€GIn /Gn [T]€Gi,n /Gn

where on the right hand sides we consider the comprehensive G,,-action. More in general, we consider a
subgroup G of G,,. Hence the sheaves of G-invariants over the symmetric variety S™X

m(Ef’q)G ~ @ w*(Tor,q(A7F))Stabc(F) ~ @ W*(AQ(Q;))Stabg(F)
Te€Gin /G [T1€G.. /G

The following table lists the groups Gr and the representation Resg, g, for all isomorphisms classes
of non empty graphs I' C K, without isolated vertices. Here we indicate with A; the graph with a single
edge, with As a graph with two intersecting edges, with Bs a graph with two non-intersecting edges, with
As and Bjs the acyclic subgraphs of Ky with three edges and with, respectively, no vertex of degree 3 and
a single vertex of degree 3.

I'=A4, |[I'=4, I' =D, I'=A; | I'=B; | I'=Ks | I'=KsUJ | I'=Cy I'=C4UL |I'=K,y

61" 62 X 62 62 62 X 62 X 62 62 62 63 62 D4 62 X 62 64
Ress; €py 1 e 1l®e € e 5 5 0—=1,,15) 1 1
Table 2

The case of the graph I' = By needs a line of explanation. We can suppose that I is the graph consisting
of the edges {1,2},{3,4}; hence &Gr = ((12)) x ((34)) x {(13)(24)). The subgroup ((13)(24)) is isomorphic
to &L and acts nontrivially in the representation Rese,xe,xe, €5y -

Lemma 3.9. The invariants (Ef’O)G" of the term E12"0 of the spectral sequence EY'? are isomorphic to the
((13)(34))®6({5,...,n}) '
sheaf A4(Ox) = 7. ((C’)A12 ®O0p,,)Re® 1) . Over an affine open set S"U its module

of sections is isomorphic to A2H°(Oy) @ S"4H(Oy).

Proof. We first remark that, for any n > 4, the types As and Bs are the only isomorphism classes of
subgraphs of K, with 2 edges and without isolated vertices. By remark we have that 7, (Ef ’0)6" o
m(Oar, ® Reser, er,)°m & m(Or, ® Resey, er,)®r2, where I'; is a graph of type As, and I's is a graph
of type Bs. Now the first summand is zero and the second identifies to the one in the statement, when
taken Iy to be the graph with edges {1,2}, {3,4}. O
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Notation 3.10. Let n,l € N*, | < n. We denote with w; the morphism X x S"7'X —— S"X sending
(z,y) to the 0-cycle lx 4+ y. It is a finite morphism if [ = 1 and a closed immersion if [ > 2.

Proposition 3.11. In the identifications (E;°)%" ~ ws,(Ox K Ogn-2x) and (E7°)%" ~ A4(Ox), the
invariant differential dS : (B} °)®n —— (E?%)Sn of the spectral sequence (EV'?)S is determined locally,

over an affine open set of the form S™"U = Spec S™ A, by the formula

d?"(a@bl ..... bn_g) = Z (a@bib]‘ — bzb] ®a) ®I;z; s

1<i<j<n—2
where a,b; € A.

Proof. The expression is obtained — over an affine open set of the form S™U as in the statement — by
identifying 7, (E?%)%» with =, (Oar,)®r2 where I'y is the graph with edges {1,2}, {3,4} we considered in
the proof of lemma Hence the map of invariants d?" can be identified with the morphism

wQ*(OX X OS"*ZX) = W*(OAH)G({&M’”}) = [W*(OAm) @ ﬂ*(OAM)]GFZ - 7T-*((I)Am)@% = ‘A4(OX)

given by
dS" (@ @by ... byo) =di(a@by...by o+ (13)(24)x(a @by ... by 2))
=d; (a Rby... bn_g) + (13)(24)*d1(a Rby... bn_g)
= Y (a®bib;—bib;®a) @by
1<i<j<n—2
where we saw the element b;. .. .. bn_2 as a G({3,...,n})-invariant element in H°(U)®"~2, O

Notation 3.12. We denote the kernel ker d?" with wa, (Ox K Ogn-2x)o.
The next lemma is immediate from lemma B.71
Lemma 3.13. The invariants (E5~")Sn of the term E3 ™" of the spectral sequence E™ are isomorphic

to the sheaf w3, (% RZa, ,)S"=2), where &,,_3 acts on the factor X"~ of the product X x X"~3.

3.2 The case n = 3.

From now on we will place ourselves over a smooth algebraic surface X.

Theorem 3.14. Let X be a smooth algebraic surface. The complex of coherent sheaves over S3X
° T D
H3: 0— OS3X —_— w2*(OX><X) —_— UJ3*(Q§() — 0

— where 1 is the restriction and d is given locally by D(a ® b) = 2adb — bda — is a resolution of the sheaf

of invariants (Za,)®?.

Proof. All subgraphs I' C K3 are connected. Hence the multitors Tory(A,T') are isomorphic to
AY(QY ® gr)r @ Rese,. €5y

for the comprehensive Gr-action. Combining table [1I| with table [2| we see immediately that the term
(E>7%)8s ~ Tory (A, K3)®% ~ w3, (K x ®¢)%* vanishes. Moreover, (E2°)%s ~ 7, (O ,,®e)®2, (E>0)8s ~
Te(Oay,, @ €)% hence there are no &z-invariants for ¢ = 0, p = 2,3. The only nonzero terms in
the spectral sequence of invariants are of the form (E{*)®s (E]®)Ss and (E3~")®s. The first two
are easily proven to be isomorphic to the sheaves Ogsx and ws,(Oxxx), respectively. The last one
is (E371)%s ~ Tor (A, K3)% ~ ws,(Q%). Hence we have the resolution of the statement where the
map D : wo,(Oxxx) — w3, (%) is induced by the second differential dy* of the spectral sequence of
invariants; the precise local expression of the map D follows from proposition in the appendix. O

Let G = &({23}). In section [4.3| we will need the following result about the invariants m,(Za,)®.
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Proposition 3.15. Let X be a smooth algebraic surface. Over S2X, the sheaf of invariants m.(Za,)% is
resolved by the complex

0 —_— wl*(OX ®OSQX) —_— ['UJQ*(OX IXOX)®2:|O —_— ’U.)g*(Q%() —_— 0 .

Here the sheaf [wg*(OX X OX)@Q]O is the kernel of the map wa, (Ox X Ox)®? —— wy,(Oa,) given locally
by (a ® u,b ® v) —— au — bv. The first map of the complex is locally defined as a @ uv —— (au @ v +
av @ u, 2uv ® a), while the second is determined by (a ® u,b ® v) — 2adu — vdb.

Proof. We consider the invariants ., (EY"?)¢ of the spectral sequence EY'? by the group G' = &({23}). By
proposition remark (3.3 and remark the terms m,(EY"?), as G-representations, are

m(EY) ~ @ ATUQk @ Ressuabe(r) ar)r @ Resgeabo(r) E5y -
[F]Egp;; /G

It is then immediate to prove that m,(EY?)C ~ 7, (Oxs)% ~ w1, (Ox B Og2x), me(E1°)¢ ~ 7, (0Op,,) &
T (Opgs) = wa, (Ox ROx)®2, m, (E20)E ~ 1, (Oa,,,) ~ wa, (On,). For ¢ < 0 the only nontrivial terms is
m(Ey )9 = w3 ()
since T (BT~ [w, (A2(Qk ®¢) ® a]G
[’LUQ*(OX X OX)@Q}O; hence, drawing the page FEs of the spectral sequence, we get the complex in the

= 0. It is now easy to see that W*(Ezl’O)G ~

statement. To prove that the maps are the ones mentioned above, one sees immediately that the first is
induced by restrictions, while for the second one has just to track down the higher differential d$', but this
is done easily taking G-invariants in the statement of corollary O

Remark 3.16. Theorem [3.14 and proposition [3.15 continue to hold when X is an arbitrary smooth algebraic
variety, with essentially the same proof; we just used that the only nontrivial terms in the spectral sequences
of invariants (E?'?)®3 and (E}'?)%, for p + ¢ > 0, happen for (p,q) = (0,0),(1,0), (3, —1); this is true in
any dimension.

3.3 The case n = 4.

Let X be a smooth algebraic surface. In order to understand the G -invariants of the sheaf Zx,, we have to
work out the spectral sequence 7, (EY ’q)64; the first step, by virtue of remark is to compute, for each
class [I'] € T € Gp 4 /Sy, the invariants m,(Tor_4(A,T') @ Rese, gy )°T. For ¢ < 0, we are just interested
in graphs with at least one cycle, which are all connected: the above sheaves then have the form

To(Tor_ (A, T) ® Resg,. €)=~ T (A™9(Q% ® gr)r ® Resey. )"

and hence can be computed easily by combining table [1| with table For convenience of the reader we
present the computation of the invariants m,(Tor_,(A,T') ® Rese. €5, )T in the following table.

I'=Ks r=K;uJ|T=Cy,| T=C,UL =K,

q=—1| w3, (W ROx) | wa(Qk) 0 0 0

= -2 0 0 0 ’U}4*(KX @Kx) w4*(Kx)

=-3 0 0 0 0 wy, (S2QL)
q=—4 0 0 0 wa, (K%) wy, (K%)
q=—5 0 0 0 0 0
q=—6 0 0 0 0 Wy, (K% )

Table 3

As for ¢ = 0, it is clear that
T (E11970)64 = T (Fg))en = ®[F]€gp,4 /647T*(OAF ® Resg. EEF)GF :

We have the following lemmas
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Lemma 3.17. The complex ., (E}°)®+ ~ m, (I'3)®" is quasi isomorphic to the complex
&n

0 — Ogix — wa, (Ox K Og2x) R Ay(Ox) — 0,

which is exact in degree greater or equal than 2. The first map is the restriction, while the second is given
locally by a ® b.c —— a A bc.

Proof. With the help of table |2, we immediately have that the complex (m.E7 ’0)64 is quasi-isomorphic to
the complex

r dy
0— OS4X - w2*(0X|ZOS2X) - A4(OX) —0—0— 7T*((9A1234) - 7-‘—>'<((9A1234) — 0.

The map mu(Oa p5,) — Tx(OAa,,s,) is immediately an isomorphism, being induced by the identity on
the sheaf Oa,,,,; the map dl6 cwe, (Ox W Og2x) — A4(Ox) is surjective, by proposition since it
is given locally, on an affine open subset of the form S"U, U = Spec(A), by the map A ® S?A —— AZA,
sending a ® b.c to a Abc = a ® bec — bec ® a. O

Lemma 3.18. Consider a graph T' of the kind C4 U L. Then the vector space A*(C? ® qr) is completely
Gr-invariant. Moreover, the composition

c: AN C?®qr) — A(C*®qk,) — AN (C? ® qk, )"

where the first map is the injection ir i, and the second is the projection onto the invariants, is an iso-
morphism.

Proof. The first statement is a consequence of table [I] case in which I' is of the kind Cy U L, ¢ = 4, and
X = C2. By the same table we can also deduce that the vector space A*(C? ® qg,)®* is one dimensonal.
Therefore, to prove the second statement, we just have to prove that the map ¢ is nonzero. It is not
restrictive to suppose that I" is defined by edges {1, 2}, {1, 3}, {1,4},{2,3},{3,4}. Indicating an oriented
3-cycle with a sequence of its vertices, the basis of C? ® gr is then given by vectors e; ® e123 and and
e; ® e134, © = 1,2. Denote more briefly, for an oriented 3-cycle H, with vy = €1 ® ey and 0y = e3 ® ey,
where we write the elements in the set H in an order according to the given orientation. Hence we can
take as a basis of C?> ® qr the vectors vi23, 0123, V134, 0134; similarly, as a basis of C? ® qx, we take the
previous vectors, to which we add 7124,0124. For brevity’s sake, denote with aogy := vy A dg. A basis of
A*(C? ® gr), which is fully invariant, is then given by @ = 123 A a134. Since this element is invariant by
Gr >~ ((13)) x ((24)), we have that the map c is, up to a constant, given by

cla) = Z O4ir K, G -

[0]€64/6r

Now the cosets G4/Gr can be represented by the set {id, (12), (14), (23), (34), (12)(34)}, hence ¢(a) is given,
up to a constant by

c(a) = a123 A @134 + Q213 A Qagg + Qazs A st + aza A Q124 + Qo4 A 043 + Q214 A Q243

=123 A 134 + Q123 A ia3q + Qo34 A Qs + 23 A i2a + igg A iiga + Qg A osg
Now, using that asszy = a3 + @134 — @124, We get easily that, up to a constant,
c(a) = 323 A 124 + Q123 A (13s + 124 A Q134)
which is a nonzero element of A*(C? ® gk, )®* C A*(C? ® qx,). O

Notation 3.19. Consider now the second invariant differential
Ai=d$* ws, (VY RIp,) > m (B ) &~ — m (E37?%)S

Its precise expression is determined in the appendix, corollary We denote with ws, (QY K Za,)o its
kernel.
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Recall notation [3.12] We have the following result.

Theorem 3.20. The sheaf of invariants (Za,)®* admits a right resolution given by a natural complex
o . T D 1 C 31
]I4 =0 — OS4X . wg*(OX |X|082X)0 —_— wg*(QX &IAZ)O _— ’LU4*(S QX) _— 0,

where 1 is the restriction, D is defined locally as D(a ® u.v) = (2adu — uda) @ v + (2adv — vda) @ u and C
is determined, up to a constant, by C(w ® f) = —sym(w ® d& f), where w € QY and f € Za,.

Proof. The abutment of the spectral sequence of invariants m,(E}"?)S4 is zero in positive degree, after
remark The complex m, (E?")®4 has been studied in the previous lemma. At level ¢ = —1, recalling
table |3| and notation we just have the complex ws, (Q% X Ox) — w3, (2% K O4a,) ~ wy,(Qk), in
degree 3 and 4, and at level ¢ = —2 we have the complex wy, (Kx @& Kx) — wy,(Kx), in degree 5 and
6. Moreover, at level ¢ = —4, we have the complex wy, (K% ) — w4,(K%), in degree 5 and 6. The only
other nonzero terms for g < 0 are m, (EY?)%4 ~ w,, (S3Q%) and 7, (ES %)% ~ wy, (K3).

We now prove that the map ws, (2% K Ox) — w4, (QY) is surjective. Indeed it can be seen as the
map of Gy-invariants

(BY ™% = m (%) ka(123) ®° — me((%) ks 123)0(31)) 2
This map is naturally the composition

T () K5 (128) T2 = T((x) Ky (128)) T2 — Te((x) Ky (128)0(3a)) 2

where the first map is the natural inclusion and the second is the map of Gs-invariants of the
map W*((Qﬁ()KSOQ‘g)) _— F*((Q%()Kg(123)u{34})' But this last map is surjective, since the map
(Q}()Kg(lgg) e (Q}()Ks(lgg)u{34} is a restriction and hence surjective, and because 7 is finite. More-
over, the natural inclusion m, (') g, (123)) %% — T (%) k4 (123))©? is an isomorphism, since both terms
coincide with m, (2% )k, (123)). This means in particular that =, (By 1%+ =0.

Let’s now look at the map wy, (Kx ® Kx) — wy, (Kx). Its cokernel is isomorphic to m,(ES ™ ?)®4,
Now, because of the form of the complexes m.(E}?)® for ¢ = 0,—1, and because we proved that
7. (Ey~')®4 = 0, there are no nonzero higher invariant differentials dp* targeting . (ES™2)%4: hence
this term has to live till the co-page, as a graded sheaf of the abutment, but the abutment in degree 4 is
zero. Hence 7, (ES )%+ has to vanish and the map wy, (Kx ® Kx) — w4, (Kx) has to be surjective.
Hence ,(Ey )% ~ wy, (Kx).

Finally, we look at the map m,(E> ™ 1)%4 ~ wy, (K%) — wy, (K%) ~ 7. (EY )%+ at level ¢ = —4.
It coincides with the map of invariants

T (AN(QF)) ST — m(AN(QF,))% (3-4)

induced by the inclusion ir , : Qf — QJ,, where I' is a graph of the kind Cy U L. Now, since both Gr
and G4 act trivially over Ajo34 = Ar, and 7|a,,,, i8 & closed immersion, the map (3.4)) is an isomorphism
if and only if the map of line bundles ir, K% ~ A*(Q})T — A4(Q}4)64 ~ ip, K% over Ajggy is. Since

A*(Q}) is fully Gp-invariant, the previous map coincide, up to constants, with the composition
AYQr) — AM(Qk,) — A(Qk,)

where the first is the inclusion and the second is the projection onto the invariants. Now, on the fibers,
this map is precisely the map of lemma [3.18] Hence it is an isomorphism.
Consequently, at level E5, the only nonzero terms are

T (Ey?)®t = (Ta,)®" T (Ey?)%* ~ coker (Ogax — w2, (Ox B Og2x)0)
T (BT =~ wg, (U R a,), T (B3 %)% = wy, (Kx)
T (B3 77)% = wa, (S°QK) T (By %)% = wa, (KY) -
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Therefore, drawing the page FE of the spectral sequence m.(EY NS4 we deduce a complex
0 — T (Ey")S — w3, (U K Zp,) A, wa,(Kx) — 0 which is non exact only in the middle,
with cohomology isomorphic to wy, (S*Q% ); henceforth we have an exact sequence

C
00— 71'>¢<(E2170)64 - w3*(Q_1X gIAz)O - w4*(S3Q.1X) — 0.

The statement of the theorem follows, since one has as well an exact sequence

0 — (Zn,)%* — Ogix — w2, (Ox x Og2x)g — . (Ey")S4

— 0.

The precise expression of map D and C' will be determined in the appendix, proposition and propo-
sition IA. 19| |

To finish this subsection, we present two immediate byproducts of the proof of theorems and

Corollary 3.21. Forn equal to 3 or 4, the &,-invariants of the product ideal [[;cp, Za, =Zay, - -

A and of the ideal Za, coincide:

n—1,n

671, 6"
(IA12 ..... IA"_M> ~ (Ip, )% = (IA12 a-.. OIAn_Ln)

Proof. The invariants (Za,, - Za )6 of the product of ideals coincide with the term 7, (E%")®» of the
spectral sequence 7, (E}*?)®" above, since the abutment in degree 0 is the tensor product Za,, ®- - -®Za

n—1,n

n—1,n

and since 7, (E%Y), being the first graded sheaf for the natural filtration on the abutment, is the image of
the natural morphism (Za,, ® ++- ® Za,_, )" — (Oxn)®" =~ Ognx. But it is evident from the proof
of theorems and that 7, (E%0)Sn ~ 7, (EY0)Sn ~ (Tp ). O

Remark 3.22. It seems to us an interesting question whether the statement of corollary [3:21] is true for
general n; in some contexts (for example when taking inverse images) the product of ideals is better behaved
that the intersection; therefore, knowing that, at least at level of invariants, the two coincide, might turn

out useful in some applications.

Remark 3.23. When taking the tensor product of ideals, things are clearly different. While it is true that
over S3X, we have the isomorphism (IA12 DN ®IA23)63 o~ (IA12 N ~IA23)63, over S*X the two
sheaves are definitely not isomorphic; their difference is measured by the sheaf wy, (K% ), as the next exact
sequence proves:

. Sy
00— w4*(K§() - (IAm & ®IA34) - (IA4)64 — 0.

3.4 Twisting by the line bundle D;,

Let now F' be a &,-equivariant coherent sheaf over X™. By definition of the line bundle Dy on the
symmetric variety S™X (see remark , using projection formula and taking &,,-invariants we have the
following equation:

(78" F) @ Dy, ~ 78 (F @ LE") .

Because of this fact, all results proved in this section continue to work when we tensorize the sheaf Zn,
with a line bundle of the form L X ---X L, or its invariants by Dy. In particular we have that for n equal
to 3 or 4, the sheaf of invariants 7,(Za, ® L¥")®» ~ (Za )®" @ Dy, is resolved by the complex I$ ® Dy;
in other words

Corollary 3.24. Over S?X and S*X, respectively, we have resolutions

0 — m(Za, @ L)% —+ D) — wy (I*K L) — w3, (W @ L3) — 0

0 — m(Za, ® L¥*)® — &~ Dp — wy, (L* KDy )y —

—— w3, (A QLR L)@ T, )g — wy, (S35 @ L) — 0
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4 Applications

4.1 Cohomology of (det LI")? for low n.

Theorem 4.1. Let X be a smooth quasi-projective surface and L and A two line bundles over X. Then,
forn =3 orn =4, the cohomology H*(X™ (det LI")®2 ® D) is computed by the spectral sequence

EP? .= HY(S"X,I? @ D2 @ Da) .
Proof. By corollary [[.9] and by lemma we have
Ry ((det LM)®2 @ Dy) ~ (12 )" @ D2 @Dy =~ (Ta,) " @ DE2 @Dy .
Hence, applying the functor RI" on both sides, we get
H* (XM (det LIMY®2? © Dy) ~ RTRu. ((det LMY®2 @ Dy) ~ H*(S"X, (Za,)®" @ DF? @ Da) .

The spectral sequence in the statement computes the hypercohomology of the complex I? ® D%Q ® Dy,
which is a resolution of the sheaf (IAH)G" ® DY? @ D4, by theorems and O

An immediate application yields the computation of the FEuler-Poincaré characteristic
of (det LI")? © Dy.

Corollary 4.2. Let X a smooth projective surface and L and A line bundles over X. Forn =3 andn =4
we have the following formulas for the Euler-Poincaré characteristic of (det L™)? @ Dy over the HIlbert
scheme X

(X (det W) @ D) = (X(L2 ®4A) + 3) (Lt e 4?) (X(L2 ®2A) + 1) N (X(L“;@ A2)>+

+x(Q @ L @ A3 (L? ® A) — x (2% ® L @ AY)
—x(Kx ® L¥ @ A*) — x(5%Q% @ L® @ A%)

We now mention an effective vanishing result for the cohomology of (det L") @ D, for any n and k.

Remark 4.3. We recall that a line bundle L on a smooth projective surface X is called m-very ample if,
for any ¢ € XIm*1 the restriction map H°(L) —— H(L¢) is surjective. The property of being m-very
ample generalizes tha fact of being very ample, since “l-very ample” means exactly “very ample”. After
results of [BS91] and [CGA0], one can prove that det LI is globally generated if L is (n — 1)-very ample,
and that it is actually very ample if L is n-very ample (see also [Scalbal Cor. 5.10]).

Corollary 4.4. Let X be a smooth projective surface and L and A two line bundles over X such that
LF@A® K)_(l is a product ®@*_, B; of line bundles B;, with By n-very ample and Bj (n — 1)-very ample,
for 5 =2,... k. Then we have the vanishing

H (XM (det LMY®* @ D) =0 fori>0.

In particular the statement is true if LF @ A ® K)_(l is a product of k(n — 1) + 1 very ample line bundles
over X.

Proof. One has just to note that, in the hypothesis of the corollary, and since Dy, ~ K 1, (det LI")®F @
Da ~ (@F, det BZ["]) ® K xm. Then one uses Kodaira vanishing, since all line bundles det BZ["] are nef

and det BW is very ample. The last statement follows from the fact that a product of [ 1-very ample line
bundles is I-very ample [BS91]. O
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4.2 Regularity of 7§ and (Z} )®"

Notation 4.5. If s € Q is a rational number, we denote with [s] its integral part, or round-down, and
with [s] its round-up.

Theorem 4.6. Let X be a smooth projective surface and L be a line bundle over X. Letn € N, n > 2.

Let m € N be an integer with the property
a) I @ Ky' = ®?[(f+1)/2]Bi, with By n-very ample and with B; (n — 1)-very ample, for j > 1.

Then we have the vanishing
HY(S"X,(ZX )" @ D) =0 fori>0.

If, moreover, L is very ample on X, then (Ign)en is (m+2n)-regular with respect to LK ---K L. Therefore,
if mg is the minimum of m such that condition a) is true, we have the upper bound

reg((Z5,)®") < mo +2n
for the regularity of the ideal sheaf (IZ”)G” with respect to Dy .

Remark 4.7. We note that condition a) is true in particular if L™ ® K' is a tensor product 2n[(k+1)/2] —
2[(k + 1)/2] + 1 very ample line bundles over X. If this holds and, additonaly, the line bundle L is very
ample, then the ideal (IZH)G" is (m + 2n)-regular with respect to Dy.

Proof of theorem[{.6 For the first statement, by lemma [I.5] and by corollary we have that
(ZX,)" @ D = (T3S @ D = Ry ((det OF) #2402 @ D)

Hence
H'(S"X,(ZX,)®" ® DF") ~ H' (X!, Dpm (=2[(k + 1)/2]¢))

and we conclude by [Scalbal Propositon 5.14].

For the second part, from the first statement and from the fact that, under the hypothesis, Dy, is very
ample, we immediately have that H*(S"X, (IZTL)G" ® D%mH) =0 for 4 > 0 and for [ > 0. Consequently,
(IZW)G" has to be (m + 2n)-regular with respect to Dy.. O

Theorem 4.8. Let X be a smooth projective surface and L be a line bundle over X. Letn € N, 2 <n < 7.
Let m € N be an integer with the property

b) L™ ® K)_(l = ®fillBi, with By n-very ample and with B; (n — 1)-very ample, for j > 1.
Then we have the vanishing
HY(X"IX @ (L™K --KL™)=0 fori>0.

If, moreover, L is very ample, then the ideal sheaf Zﬁn is (m + 2n)-regular with respect to LK --- X L.
Therefore, if mg is the minimum of m such that condition b) is true, we have the upper bound

reg(Iﬁn) <mp+2n
for the regularity of the ideal sheaf Iﬁn with respect to LR --- X L.

Remark 4.9. We note that condition b) is true if L™ ® K)zl is a tensor product of (k + 1)n — k very ample
line bundles over X. If this holds and, additionaly, L is very ample, then, for 2 < n < 7, the ideal sheaf
IX, is (m+ 2n) regular with respect to LK --- X L.

Proof of theorem[{.8 The first statement follows immediately by [Scal5al Propositon 5.15] and by the fact
that, by [Scal5b, Theorem 2.12], B™ has log-canonical singularities for n < 7. As for the second, its proof
is analogous to the proof of the similar statement for the regularity of (ZX ) in theorem O

24



The previous regularity results are nicer to state when X has Picard number one.

Corollary 4.10. Let X be a smooth projective surface with Picard group Pic(X) ~ ZB, where B is the
ample generator. Let r be the minimum positive power of B such that B” is very ample. Suppose, moreover,
that Kx ~ B"™, for some integer w. Then we have the following.

e The sheaf (X )" is (m~+2n)-reqular with respect to Dpr, if m > 2n[(k+1)/2]—=2[(k+1)/2]+14w/r.
Hence, with respect to Dpr,

reg((ZX, )") < 2n([(k+1)/2] + 1) = 2[(k + 1)/2] + 1 + [w/r] .

o If2<n <7, the sheaf IX is (m+2n)-regular with respect to B"®---R’B", if m > (k+1)n—k-+w/r.
Hence, with respect to B"X --- X B”,

reg(ZX ) < (k+3)n—k+ [w/r] .

Remark 4.11. If X = Py, taking B = Op,(1), we can say, more simply, that, reg((ZX )°") < 2n([(k +
1)/2]+1) = 2[(k+1)/2] — 2 and, for 2 < n < 7, reg(ZX ) < (k+3)(n —1).

Remark 4.12. The results proven in this subsection for IZ” are valid for 2 < n < 7. We expect them to
hold also for n = 8, since B™ should have log-canonical singularities also in this case [Scal5bl Conjecture 2].
However, we don’t know, and it seems to us an interesting question, if the previous bound is still a good
upper bound for the regularity of Ign, for general n, or, if not, what would be a good one. The proof we

gave here can’t go through in general since we proved that B™ does not have log-canonical singularities for
n > 9 [Scalbbl, Theorem 2.12].

4.3 The sheaves L/'(—2uA).

Let n,k € N, n > 2, and let p be a partition of k of length I(x) < n. The symmetric group &,, acts
naturally on the set of compositions of k supported in {1,...,n}. Indicate with L* the line bundle on X™
defined by L* := @™ p¥L®" where p; : X" — X is the projecton onto the i-th factor. In [Scalba] we
defined sheaves £#(—2uA) over the symmetric variety S™X as

\ Stabg,, (1)
LM (—2uA) =T, (L“ ® n Iz“’ )

i
1<i<g<l(p)

where we see 1 as a composition of k& supported in {1,...,n}. If uo = --- = ) = [, we denote more
simply this sheaf with £#(—2[A). We also use sheaves £*(—mA), for an integer m € N, whose definition is
analogous. The interest in such sheaves comes from the fact that we believe they could be in all generality
the graded sheaves for a natural filtration on the direct image g (S kL[”]) of symmetric powers of tautological
bundles on X" via the Hilbert-Chow morphism.

Remark 4.13. The sheaf £#(—2uA) over the symmetric variety S™X is closely related to the same sheaf
over SYM X more precisely, if v; is the finite morphism v; : S'X x S"'X —— S X, sending the couple
of O-cycles (z,y) to = + y, we can write the isomorphism of sheaves over S™X:

£H(72[}JA) ~ ’UZ(N)*(,CH(szLA) X Osn—z(”)x) y

and, in general, if A is a line bundle over X, then £/(—2uA) ® Da =~ vy, (LH(—2pA) @ DA K Day).

Remark 4.14. Let A = (r,...,7) and set [ = [(\). Then it is immediate to see that the sheaf £*(—2rA)
over S'X is isomorphic to

LN=2rA) = (I2)% @ Dpr = p((det O)®*) @ Dy

If n > I, over S"X, in general we have that £}(=2rA) ® Dy ~ v, ((ZX))®' ® Dprga K Dy) =~
0 (1 (et ON®2TY @ Dy s D y).
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We come to our results. Denote the partition (1,...,1) of [ with 1! (in exponential notation). As a
consequence of the previous remark, as well as of theorems and of subsection |3.4] we obtain the
following

Corollary 4.15. Forl = 3,4, and n > I, the sheaf Ell(—2A) ® Dy over S™X is resolved by the complex
Ul*(H;®DL®A®DA).‘ l ‘
LY (—2A) @ Dy~ v (I? @ Dpga X Da) .

Similarly, thanks to proposition we obtain
Corollary 4.16. The sheaf L1 (—A) @ D4 is resolved over S"X by the complex

00— wg*(vl*(L2 ®A|Z|DL®A) |X"DA) —_—
— wi, (2. (LPRA’RL®A) @, (L* @A’ R L? @ A)]jg W Dy) —
— w3, (V3. (W DL @A) RDy) — 0. (4.1)

It would be now immediate to give a formula for the Euler-Poincaré characteristic of c (=2A) ® Dy,
using corollary or corollary and of £L211(—A) ® D4 . We leave this to the reader.

The sheaf £211(—2A) To finish this section we will describe the sheaf £211(—2A), which is important
for the work [Scalbal. If A C {1,...,n} and if u is a composition of some integer ! supported in {1,...,n},
we define p4 as the compositon coinciding with g over the set A, and with 0 over {1,...,n}\ A. We define
with [pal = > 1, pa(i). In [Scalbal Remark 4.6] we defined a natural Stabe,, (11)-equivariant differential

dy : L ®IlAz(u) " D e /i~ O G'oeLlhers
= |1]=2
IC{L ()} IC{L ()}

and an invariant version over S"X:

Stab:,n( )
dy . LH(—=1A) = T (L' @ T, ) o

Stabe,, (1) __, m( P ke e

|7]=2
IC{1,..., ()}

whose kernel is £#(—(1 + 1)A). Denote with IC(ll)(l)(fZA) the sheaf

l(u))

Ky (—18) == m (2 @ L) 12y © p3L ® Ih,,) " ;
it will be denoted it just with IC(ll)(l) if I = 0. It is clear that, for p = (2,1, 1),

)Staben(u) S(2,3)xX6(4,...,n))

7T*( P ©@eLmherm
e
IS{1,.0(w)}

~ K1) ® ™ ((Qx ® L?) 23 @ p1 L?)

~ 1
=~ Ky »

since &(2,3) acts with a sign on the sheaf (Q% ® L?);233. With these notations, we can prove the following
fact.

Proposition 4.17. We have the exact sequence over S™X:
0 — L2V (=2A) — L2VH(=A) — Ky (—28) —
- wS*((S?)Q}( ® L4) X OS"—3X) — 0, (42)
where the third map is the differential d\ and the fourth one is the composition:

1 A 1 3 . , 184}
Ky (—24) = m, {((QX®L ){12}y @ p5L ®IA23:| v,

) , . s s 18({dn])
— Tx [((QX ® L ){12} ®p3L ®IA23/IA23:| =

~ ws, (U ® $?Q% ® LY K Ogn-sy) — w3, ((S*°Qx ® L*) K Ogn-sx) . (4.3)
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Proof. 1t is clear that, by construction, the differential d} takes values in IC(ll)(l)(—2A); it is
also clear that £>%!'(—2A) is the kernel of the third map. Moreover, by construction, the map
IC(ll)(l)(—2A) —— w3, ((S3QY ® LY) W Ogn-sy) is surjective. Hence it remains to prove that the sequence

LEV=A) — Kyy1y (—24) — w3, (($°Q% @ L) K Ogn-sx) (4.4)

is exact. By GAGA principle it is actually sufficient to prove the exactness of the sequence for X = C?
and L trivial. More precisely, let (5™ X )., be the complex analytic space associated to the complex algebraic
variety S™X. Then the natural morphism ((S"X)an, O(snx),,) — (9" X,Ognx) is faithfully flat, by
GAGA principle. This implies, in particular, that the sequence (4.4)) is exact over S™ X if and only if the
induced sequence of complex analytic sheaves

L2V (= A)an — K1) (—28)an — w3, ((S*Qk ® L) K Oga-ax )an (4.5)

is exact over (S"X),,. But this is holds if and only if it holds for an arbitrary Smalﬂ open set of (S™X)an
in the complex topology. Now a sufficiently small open set of (S™X),, in the complex topology is always
biholomorphic to a sufficiently small open set of (S™C?),,, in the complex topology. Hence it is sufficient
to prove that the sequence is exact analytically over (S"C?),, and L trivial, but this is equivalent,
invoking GAGA principle again, to proving the same fact algebraically over S"C? and L trivial.

It is also easy to see that it is sufficient to prove the statement for n = 3. In this case set A = Clz, y],
A®3 = Clz1, 22,73, Y1, Y2, y3). Identifying coherent sheaves with modules, it is sufficient to prove that the
sequence of S3A-modules

(Za,)®W23D 25, (Ol @c A)(—2A) — S3QY (4.6)

is exact, where we wrote briefly (4 ®c A)(—2A) for (2} ®c A) ®aga IX,, where T, is the ideal of the
diagonal in A ® A and where A ® A acts componentwise on QY ®c A.

The ideal Za, of the big diagonal in X? equals the ideal (Za,,Za,,Zn,5,q), Where ¢ is the quadraric
polynomial ¢ = (22 — 21)(y3 — y1) — (y2 — y1)(x3 — z1). The quadric ¢ is anti-invariant for &({2,3}),
hence Ii(_{z’s}) = (Ta,,Zn,5T,,) 423D, Writing down all nine degree-3 generators of Za,,Za,,Za,, and
taking &({2, 3})-invariants, we get that IAGPE{Q’S}) is generated, up to elements of degree 4, by g(x3 — z2)
and q(y3 — y2). Now it is easy to see that the image of d} contains (QY ®c A)(—3A). Indeed, if a, B € N,
a+ B> 1, we have

w3 — x1) (w2 — 21)* (Y2 — 11)°) (25 — 22) | = (23 — 1) (ys — 1) da

)

ys — 1) (@2 — 1) (2 — 11)%) (s — 22)| = (23 — 21 ys — 1) dy

(
(
(
(w5 — 21)(w2 = 20) (w2 — 1)1y — 2)] = (25 — 20)* (s — y1)** 1 do
(
(
(

5+1dy

(Y3 — 1) (w2 — 21)%(y2 — yl)ﬁ](QS —y2)| = (z3 —21)"(y3 — 1)

Consider now an element of the form
7 = (adx + bdy) (x5 — x1)* + (cdx + edy)(x3 — 1) (y3 — y1) + (fdz + gdy)(ys — y1)*

in (Q4 ®c A)(—2A). The image of 7 in S3QY is adz® + (b + ¢)dz?dy + (e + f)dzdy® + gdy>. If T is in the
kernel of the map (Y ®¢ A)(—2A) — S3QL, then a =g =0 and b = —¢, e = —f and 7 is of the form
7 =b(x3 —x1)%dy — b(x3 — 21)(y3 — y1)dy + e(x3 — 1) (y3 — y1)dy — e(ys — y1)*dz. But is now easy to see
that 7 is a linear combination of di[q(z3 — z2)] and di[g(ys — y2)] and hence in the image of d}. These
facts show that the sequence (4.6] is exact. O]

There we mean: if it holds over any open set Vj of an open cover {V;}; of (§" X )an, where each V} is chosen to be sufficiently
small
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A Appendix: Determination of higher differentials in the spec-

tral sequence of invariants

We will determine here explicitely the higher differentials in the spectral sequence of invariants (E}*?)S»
for n = 3,4, appearing in theorem [3.14] [3.15] and [3.20]

Remark A.1. In order to prove that a certain higher differential dS» : (EP4)S» —— (Eptma—r+1)Gn
has a certain expression, we define explicitely another morphism between the same coherent sheaves of

invariants, say D, : (EP9)®n —— (EPT4="+1)Sn " and then we prove that the two maps coincide. By
GAGA principle (as done in proposition , or, alternatively, by localization an completion, in order to
compare the two maps we can always reduce the problem to the case X = C?, where computations are
much easier.

Remark A.2. Over X" = (C?)" = SpecC[z1,...,Zn,Y1,-- -, Yn] We resolve the sheaves K}, I C {1,...,n}
with Koszul complexes K7 (Fy, sr), where Fy is the trivial rank 2 bundle, with global frame 7y, §;, and with
global section s; = xyyr + yrdr, where, if I = {i,j}, i < j, we denoted briefly x; and y; the differences
x; —x; and y; — y;, respectively. We then build a term by term free resolution R}*® of the complex Kf. The
spectral sequence E1"? can be seen as the spectral sequence associated to the bicomplex L*® := ®| =2 RY*,
where the tensor product is taken respecting the lexicographic order of the multi-indexes I: we see it as
a bicomplex with respect to the sum of the first indexes and the sum of the second. We denote with 0
and § the (commuting) horizontal and vertical differentials, respectively. It is straightforward to see that,

remembering the notation used in the proof of proposition [2:14]

e~ P K(F.sn)@ @ K (Fsp,)
Iy I, C{1,...,n}

@ K'(Fh@"'@Flpysll@"'@sjp)
Il,...,ng{l,-n,n}

@ K.(FF, Sr‘)

IreGpn

R

where the direct sums are over distinct I1,..., I, C {1,...,n}, in lexicographic order.

Remark A.3. Let X = C2. After the description of Qr given in[2.12] it is practical to think of Fy as C?2® p;
with vy = e; ® ey and d; = ea ® e;. The quotient bundle Qr can then be seen as

Qr ~ Oa, ® (C* @ qr) .

The isomorphism Qf ~ (% ® gr)r ~ Oa, @ (L2 ®qr) is given by identifying, over Ar, the vector e; ® v,
for v € gr, with dzr ® v, with and e; ® v with dy ® v. Of course, since every bundle here is trivial and the
representation ¢r is autodual, Qr ~ Q.

Notation A.4. Suppose that the graph I' € G, ,, contains an oriented 3-cycle K3(H). We will identify
the 3-cycle K3(H) with the sequence of its vertices written in order according to the orientation. Hence
we write ey for the corresponding vector in gr. Moreover, we write vy = €1 ® ey and 0y = ex ® ey the
corresponding vectors in C? ® gr, which can be seen as elements of Qr, by the previous remark

Determination of the map D

Notation A.5. For J C {1,...,n} a cardinality 2 multi-index and for i € N*, we denote with d}  the i-th
order differential dy , : T & — IZJ/IZFJ1 and with r; the restriction rj : Ox» — Oa,. Sometimes we
see the operator dy | as taking values in (S°Q2% ), via the isomorphism T3 /T3 ~ S'NK  ~ (S'Q%),.
Remark A.6. Let Y, Z be smooth subvarieties of a smooth variety M intersecting transversely in a smooth
subvariety Y N Z. It is easy to show that Nynz/y =~ NZ/M‘YOZ'

Remark A.7. Let I and J be two distinct cardinality 2 multi-indexes in {1,...,n}, such that I N J # 0.
The diagonal A is isomorphic to X™~ ! and A; defines a pairwise diagonal in Ay ~ X"~ ! that we still
indicate with A;. By remark [A.6] we can define the composition

d
. Ty ~ Ar * ~ N*
dAI ory 'IAIuJ IAIUJ/IAJ _IAI/AJ NAI/AJ - NAI/X"|AIUJ :
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Remark A.8. Recall that Eg 1~ SHC{1,....n},|H|= 3QK )®mJgHIA] Now each of the sheaves QK (H)®
NsguZa, can be indentified with (Q% X Za, 2)K3(H) (see notations and (2.7 . Hence elements in
Q) Nugn Za, can be identified with differential forms in QL X OX'/L s over the product X x X3
vanishing on the diagonal A,,_5 in Ay ~ X x X"73. For brevity’s sake, we will denote the sheaf (Q% X
IA,_2) K5y more briefly with (% XZa, _,)u

Recalling notation (©7—20a, )o for the kernel of di : ©7=20a; — @1z, 1)=|Jj=2 Oa,.,, We have
the following

Lemma A.9. The morphism of coherent sheaves D : (®111=20a,)0 — D=3 (W KZA,_,)H, given by

D((fr)r)m = da,rs(fr = f1) — da, v (fic — f1)

— where Eg,my = {1,J, K}, I < J < K, and where f are liftings to Oxn of functions fr in Oa, —
descends to a morphism of coherent sheaves D : Ey® —— E3 ™' which coincides with the differential ds
of the spectral sequence EY'?.

Proof. Tt is easy to prove that the formula for D well defines a morphism of sheaves
(®111220a,)0 — D=3 (% X IAR,2)H as in the statement, which is clearly zero on d;(EY°) and
hence induces a morphism of sheaves D : E E3 -1 , by lemma

We now prove that D = ds: we put ourselves in the sltuatlon explalned in remarks m . . Let
fr, |I| = 2, functions in Oa, such that (f7); is in E1 . For all I, let f; be regular functions in Oxn
restricting to f;. The element (f7); is in L' and its image ((f1);) € LY is zero when projected to Ef’o.
In other word we have that

A(fr)D)rur, = en.nunfr +ennunfn € IA11u12

for pairs of cardinality 2-multi-indexes I, Is with I; # I, where we indicated graphs with two edges just
as a union of these. Therefore the element O((f1)r)r,u1, can be lifted to L%~1 as

6117I1U12f~’1 +512711U12f12 = a5, L% + b11712y11 +en, LT + d11a12y12 = 5(11}[17]2)

for elements wy, 1, = ar, 1,77, +br1,,1,07, +¢n, 1,77, +d1, 1,07, , where, according to remark we indicated
with 77,07, a frame of F7,. The image in L3~ via 9 of liftings wy, 1, will represent the image of da. The
complex L3*® is now a direct sum of Koszul complexes K*®(Fr, sr), where I is a simple graph with 3 edges
and without isolated vertices. But if I' is acyclic then the correspondent Koszul complex is acyclic in
negative degree, and the I'~component of the image via 0 will be zero in vertical cohomology and hence
in Eg’ 1. Hence we are just interested in components of the second differential dy indexed by 3-cycles,
determined by cardinality 3 multi-indexes. Suppose now H is such a multi-index and that {I,J, K} are
the edges of the corresponding 3-cycles, with I < J < K. From (9o 8((f1)1))K3(H) = 0 we deduce

O(fr)r)rus — O((f1) 1) 1ok +0((fr)r) ok =0,
which implies that

(ar,g —arrk)er + (crg+asx)rs+ (—crxk +cir)rr =0

(br,g —brx)yr + (drs +bsx)ys + (—drx +dsx)yx =0
and hence, since x; —x; +xx =0 and y; — ys + yx = 0, that

(ar,g —ark) =(—crx +cir) = —(cr,g+ asK) (A.la)
(br,; —brx) =(—drxk +dsrx) = —(dr, s+ bsK) (A.1b)

Finally the image of dy is represented in L3~! by wru; — wiux + wjuk, which is equal to

(ar,; —ar,x)V; + (er, 0+ arx)Ys + (—crx + crr)Vi+
+ (b17,] - b],K)(Sf + (d],J + bJ,K)(;; + (—d[,K + d,LK)(S;(
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and which, using relations (A.1)), can be rewritten as

(ar.g —arx)vg + (bryg —brx)0%

which, by notation [A4] and in the identifications explained in remark [AZ3] is precisely the formula in the
statement. |

Over an affine open set of the form U™ or S™U, with U = Spec(A), we will identify sheaves with their
modules of global sections. In particular, we will denote with Q4 (—A,_2) = (4 @ A"73) @ Za,, _, the
module of sections of the sheaf (2}, X Opn-3)®Za, , over U", where I, , is the ideal of the big diagonal
in U®"=2 and QY ® A"~3 is seen as a A®"~?-module (see notation and hence a A®"-module, via the
contraction of the first three factors A®" —» A® A""3. We denote with &|;j—»(A ® A" ?)y the module
of global sections of the sheaf (®7=20a,)o over U™ and with (A ® S""2A) its &,-invariants over S"U.

Notation A.10. If w; ® --- ® w; is an element of A®!, and 1 < i < [, we indicate with w; the element

W@ @wi_ @wip1 @ ---wy € A% We use an analogous notation for an element w;.--- .w; € S'A.

Corollary A.11. Over an affine open set U™ = Spec A®", the differential ds : EQI’0 — E;”*l 1s induced
by the map D : (@II‘:Q AR A®"*2)O — ®Hc{1,...,n},|H|=3 QLY (=A,—2), determined by

D((fo)r)m = aduy,—2 @ Uy + bdvj_1 @ 0,1 — wide @ w;

where H = {i,j,k}, i < j <k, I ={i,5},J = {i,k}, K = {j,k}, and where ff = a®@u; ® -+ ® up_2,
fJ:b®U1®"'®vn—27 fK:C®’IU1®"'®wn—2'

Proposition A.12. The invariant differential dy : (Ey®)Sn —— (E3 "% is induced locally, over an
affine open set of the form S"U, by the map D : (A® S"72A)g — QL (—=A,_2)®"~2 determined by

n—2
D(a Xby..... bn,Q) = Z(?adb, — bzda) & 6; .

i=1

Here the group &,,_3 acts on the factor A"~3 of the tensor product A @ A®¥"=3,

Determination of the map A for n = 4. In what follows we use the second convention of notation
Any graph of the kind Cy U L has a distinguished edge L (the only edge whose vertices are of degree
3) and therefore it can be decomposed uniquely as a union of two 3-cycles H and K, determined by two
cardinality 3 multi-indexes H and K such that H N K = L. In what follows we will write such a graph just
as HU K, instead of K3(H) U K3(K).

Suppose K is a 3-cycle K = {i1, 42,13} with i1 < iy < i3. We say that a simple path in K is positively
oriented if, in the orientation of the path, the vertex following iy is is, negatively oriented if it is not
positively oriented. When writing the coefficient n; i for I and edge of K (see notation 7 we will
alwasy assume that K is positively oriented.

We introduce a general sign er v for a couple (I',I”) where I' is a subgraph of I'V. If Er \ Er =
{I1,...,I;}, in lexicographic order, then ep = Hi;t) ETULU--I;,PUL U- 1 -

A final notation before describing the map A. Let H be a 3-cycle and I C {1,...,4} such that I € H.
Surely I N H = {a}, for some a € {1,...,4}. We denote the sign é; y as +1if a =minI, and 6; g = —1
otherwise. According to these facts and notations, we have the first

Lemma A.13. Consider the map A : Bi=3(Q% BIa,) g —> ®regs, A2 (Q% @qr)r, whose component
fl% is zero if H is not a subgraph of I' and is defined by the formula

AL (e f) = ennurdrmmrx(w®ewm) A (daf ® ex)

ifI' = HUK, for some 3-cycle K, with I = min Fy,x \ Py, where w € Qﬁ(, f € Ia, and where ep, ex are
base elements in quux. Then the image of A is in kerd;; hence it induces a map A : Eg”*l — E§’72,
which coincides with the second differential ds.
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Proof. Tt is clear that the map A is well defined and it is easy to see that its image lies in ker dy: this yields
the good definition of the map A : E§’71 — Eg’ﬁ?. We just have to prove that it coincides with dy. We
put ourselves in the situation of remarks Consider a differential form w @ f in (Q% K Za,),
where w € Q% and f € Za,. In what follows we identify the element w® f € (Q% KZa, )y with the element
in @©r|=3 (24 ®Za,)r whose H-component is w ® f and whose every other L-component, with L # H is
Zero.

To prove the statement, it is sufficient to compute the component da(w® f) Uk of the second differential,
where K = {I,J, L}, where it will always be assumed that I < J in the lexicographic order. The form
w ® f can be rewritten as

w@ f=h(dz®1)+g(dy®1)

over X x X ~ Ay, where h,g € Za,. Now Za, is generated over X x X by (classes in Oa,, of ) regular
functions z,yr in Oxa4: hence we can lift h and g to regular functions (which we will still call A and g)
h = axy +byr, g = cxy + dyr in Oxa. By remark the differential form w ® f can be represented, in
L3~ 1 ag

w® f=hyy + g0y = (ax; +byr)vy + (cxr + dyr)dy -

Since the element w ® f was chosen in Eg’f1 = ker(d : B} — Ef"fl), this means that the vertical
cohomology class of d(w ® f) in B! = Hy '(L**) is zero. This is equivalent to saying that (w ® f)pur
and 9(w ® f)gus come from elements in L ~2; for the first we can we can write

0w ot =emnur@ @ £) = 8(emnur (@) +087) Avig + (7] +do) Adz))  (A2)

For the second we have, taking into account that, by definitions of the signs 17 x and omitting for brevity’s
sake the index K, we can write nyx; + nyxy + npry = 0:

O(w® flaus =empurw® f) = 5<€H,HUJ((G(—TH?7J’Y} —nLyL)+
b(=nm6y —nmedy)) A v + (e(=nmayy — nmeyp)+
(=0 — i) Adh)) - (A3)
Now the element between parenthesis in (A.2)) has image
enur,nuken,aur ((ay7 +b07) A + (eyf + dot) A 6j)
via @ in L5~2, while the element between parenthesis in (A.3) has image
equs,aukem,aus ((a(=nmuvy —nmeyr) + b(—nmss — nmwd;)) Avi+
(c(=nmss = nmei) + d(=nms 5 — nimed;)) A 8g)

via 9 in L>72. The sum of the two terms is given by

€ HUI,HUKE€ H,HUI ((a(vi =Yy — neyL) + (07 —nmsdy —nmedr)) A v+
(c(vi —nmavy —nmeyr) +d07 —nmady —nmedr)) A 5?{)

since we can easily see that eyusHUKEH, HUI = —€HUI, HUKEH,HUJ because €x pgur = €puJ,HUK and
€H,HUJ = —€HUI,HUK- Note now that v = n1y; +ns7) + 0L, 0k = 17 + 1507 +nrdy. By lemma
[Scalbal Lemma A.3], we have that do(w ® f)pguk is represented by the vertical cohomology class of

e o (v +005) Ay + (evi + dog) Aog) -

Since we identified the classes of v}, Vi, 05, 05 With dz ® ey, dz @ efc, dy @ e, dy ® ek in Q% @ gk,
respectively, we obtain the formula in the statement. O
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Remark A.14. For future use the following computation wil turn out handy. Let X = C2. Consider the
differential form w ® f, as above, but now lift it to the element (az s + by )yl + (cxar +dya)d3 € L1,
for functions a,b,c,d € Ox4 and let K a 3-cycle as above with edges {I,J, L}, such that the edge M
satisfies M ¢ H, M ¢ K. The stairway process in order to compute the component ds(w® f)gux provides
the element

(SM’HEH’HU[(’I]L’K(’Y;I/\(G’Y}k(+b(5;()+6;{/\(c’y}k(+d5;()) = 5M,H5H,HUK77L,K(W®€H)/\(dAf®eK) S L2 s

up to elements coming from L*~2.

As an immediate corollary, taking & -invariants, and using Danila’s lemma for morphisms, we have

Corollary A.15. The &4-invariant higher differential A = d$* : (Ey~")%t —— (E>%)%4 takes an
element w ® f in w3, (N K Za,) to the element —w Adaf in wy, (Kx).

Proof. Indeed it is sufficient to take H = {1,2,3} and K = {1,3,4}. Then L = {1,3}, I = {1,4},
J ={3,4}. In order to compute the invariant differential d26 *(w® f) of an element w® f, by [Sca09, Lemma
A 1], we just have to compute d2(wW® f+ (24),w® f) = —(wRey)A(daf Qex) — (wW®er)A(daf®en) —
where we omit writing the push-forward 7, — but this can be identified with —w®da f+da fR®w = —wAdA f
in Q4 ® Q% C A?(Q) ® gruk). =

Determination of the map C.

Remark A.16. Recall notation Let X = C2. The differential forms zi4dx, yi4dy are in the image
of D : wy,(Ox W Og2x)g — w3, (% ®Za,)o. Indeed, by corollary it is clear that A(x14dx) =
—dx Ndx = 0 = —dy A dy = A(y14dy). So both differential forms belong to ws, (2% X Za,)o. On the
other hand we have that z ® x.1 € wy,(Ox K Og2x ), since dy*(z ® .1) = 20 @ x — 22 ® x = 0 and, by
proposition Dz®zl)=2edr—2zdr)®1—dr®x = (dz®1)(z®1—1®x), which can be identified
with z14dz. Similarly y14dy = D(y ® y.1), and y ® y.1 € w2, (Ox K Os2x)o.

Remark A.17. Since we have surjective maps EV ™% —s» ES ™% and ES ™% —or E36’_3, and since BV 7% ~
A?’Q}(47 we can see Eg’_3 as a quotient of the bundle A?’Q}(4 over the small diagonal Ajo34. If @ is an
element of A3Q}4, we denote with [a] the class of its image in Eg"*d.

Remark A.18. The natural composition ws, (Q% KZ3 ) — w3, (A NZa,)o —> (E2~1)84 is surjective.

Proof. By GAGA principle, it is sufficient to prove the statement for X = C2. But in this case it follows
by remark and by corollary indeed a differential form w ® f € w3, (2 M Za,) is in the kernel
of d§54 if and only if it is of the form w ® f = ax14dx + by14dy + w1 ® g, where g is in Iiz. But now the
term axy4dx + by14dy is zero in (Eg’_l)&*, because of remark O

By the previous remark, we can represent any element in (E§771)G4 by an element in w3, (2% X 122).
In the proof of the next proposition we will use the following notation: if I is a cardinality 2-multi-index

in {1,...,4}, we will indicate with T'(I) the graph obtained by the complete graph K, removing the edge
I, that is VF(T) = {1, ce ,4}, EF(T) = EK4 \ {I}

Proposition A.19. Consider the map C : w3, (Q% &IiQ) —— w4, (S3Q%) defined by the formula
Clw® f)=—symw®dif),

where w € Q% and f € I3 . It descends to a map C : E3™" — E$73 which coincides, up to a constant,
with d§*.

Proof. 1t is clear that the formula induces a well defined map C : Eg’ o, Eg =3, Tt is sufficient to prove
that this map coincides up to constants with the invariant differential d§34. We put ourselves in the situation
explained in remarks For brevity’s sake, we indicate with Hg the cardinality 3-multi-index
{1,2,3} and the associated 3-cycle. We identify (Ey~')%* with ws, (Q% KZa,) ~ 1. (2% ) i, ®Za,, ); hence
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w3, (Y MI3,) can be identified with . (% )m, ®Z3 ) C ker d$*. By Danila’s lemma for morphisms, if
w® fem((Q%)n, ®I,,), then

S wef)=d( Y nwef)= Y ndwef),

[T]€64/63 [T]€64/63

where, when writing d3(w ® f) we think of w @ f as an element in kerdy C @y (Q% KNZa,)H.

Hence we just need to compute ds(w ® f) in Ey . The element w ® f € . ((Q4) s, ® 73,,) can be
written as w ® f = h(dr ® 1) + g(dy ® 1), where h,g € Za,,. Writing h = az?, + br14y14 + cy?, and
g = a'z?, + Vx4 + y3y, we see that is sufficient to compute the image for dz of differential forms of
the kind axﬂdx, ax14y14de, ozyﬂdx, axﬂdy, ax14Y14dY, ayﬂdy, for an arbitrary function o € Ox « x, of
course, thinking of these differential forms as elements in kerds. Let’s begin with ax?,dz. We have that
do(ax?,dr) = 0 in E;”*Z: this means that its components are zero:

dg(axidx)r(ﬁ) =0, dg(axﬁdx)r(ﬁ) =0, dg(axﬂdx)r(gz) =0.

By lemma we have that, in terms of representants in A?( 1":@\1)) and A? (Q;(@))

dz(%ﬂdw)p@z) = [—a@147123 A Vi34l » d2(a$%4dm)r(51) = [—a@147123 A V124l -

In order to compute the representant of da(az?,dz)p ) in L>~?, we invoke remark and we find, in
terms of representants in A? (Ql’:(ﬁ)):

dg(axidx)r(ﬁ) = [az147723 A V234] -
We now lift the elements we found to L> 3. We get
— 214723 A Viza = 0(— ¥4 Avias A visa) € AP(CP @ Wren)
— 214723 A Vioa = 0(— ¥4 Avias A Yiaa) € AP(CP © Wr&1)
Q147793 AN Yoza = 0(a(1ly +754) A Yoz A osa) € AX(C* @ Wraw) -

By [Scal5a, Lemma A.3], the term d3(ax?,dz) in E§’73 is represented by the sum of the images of the
preceding liftings via the horizontal differential 9: hence:

2 * *
ds(axi,de) = [—ayis AYias A (Vi34 — Yi2a) — (=V12 — ¥24) A Vi2g A Vas4)]
Note now that V34 = i3 + Viga — V24 and that the term (—vi5 — ¥54) A Va3 A Yiag 1S zero in E§’73 since
. .. 15,-3
it comes from something in Ly °. Hence we get that
2 * * * * * * * * *
d3(owiyde) = [a(vis — ¥ia + V24) A V23 A (Viza — Y24)] = [—0V 23 A Vs A Vi34

where again we simplified terms coming from L%~3. The term —ajo3 A viaq AYizq belongs to A*(Q%,) ~
A3(C? ® qg,) and can be identified with —a(dz ® e123) A (dz ® e124) A (dz ® e134) = —a(dz)® @ (€123 A
e124 A e134) € S3Q% ® A3qr, € A3(Q% ®qxk,)-

When computing ds(ar14y14dz), we have, analogously to the previous case that dg(ax14y14da:)r(§;l) is
represented in L>~2 by —ax14Yi93 A 075, and hence we have the lifting —ax147593 A 0734 = (—ayiy A
Yia3 A 0734); moreover dy (ax14y14dx)r(§z) is represented by —ax147{93 A 673, and hence can be lifted to
—ayty A Yigs A Stsy) in L2 finally, by remark

da (ax14y14dx)r(ﬁ) = [aw14(0T23 — 0534) A Vi3] = [—aw147123(0123 — G234)]

and we have the lifting —aw147{935(0793 — 0534) = —(Via + ¥34) A Yoz A (6793 — 6534). Then, using that
0354 = 0395 + 0754 — 0794, We get that ds(axisy14dz) is given by the class

d3(ar1ay14dz) = [—a 93(0734 — 0124) A (V14 — Y12 — V24)] = [—V123 A V124 A 6734]
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were we simplified elements coming from L33, Analogously
d3(afydx) = [—ariay A djag A 0z -

The computation of all other elements is done by symmetry. We than finally have that, for a differential
form w® f in m((Q%)m, ®Za,,) as in the beginning, the differential d3(w ® f) is represented by the class
of —w®dAfin (R ® 5204k, C A3(Q% ®qk,) K,

To finish the compution we remark the following two facts. Firstly, the terms vy A Y94 A 0754, satifies

the equality [vi95 A¥igs A0Tga] = [V A dias AYis4). Indeed, simplifying at each step elements coming from
L57_3,

(V123 A Vi2a A O13a] = [Vias A (V123 + Visa — Vasa) A 07s4] = —[V123 A V334 A O154]
= — [123 A V334 A (0334 — 0123 + 0124)] = —[V123 A V234 A 0724]
= — [Vi23 A (Y123 T i34 — Vi2a) A 6124)]
= — [V23 A V134 A 0724] = [¥125 /A 6124 A V134]

The same is true for any nontrivial triple wedge products of vectors associated to 3-cycles vj;, 0% . Secondly,
the class in Egﬁd of any such nontrivial triple wedge product is S4-invariant. The proof of this fact is
similar to that of the previous fact. Hence, up to positive constants

d5" (0 ® f) = —sym(w @ d} f)
in wy, (S20Q% ® A3qk,)® ~ wy, (S2Q%). O
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